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Abstract. We study algebraic properties of Hopf group-coalgebras, recently 
introduced by Turaev. We show the existence of integrals and traces for such 
coalgebras, and we generalize the main properties of quasitriangular and ribbon 
Hopf algebras to the setting of Hopf group-coalgebras. 
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Introduction 



Recently, Turaev [Tur| introduced, for a group n, the notion of a modular crossed 
7r-category and showed that such a category gives rise to a 3-dimensional homotopy 
quantum field theory with target space K(ir, 1). Examples of 7r-categories can be 



constructed from so-called Hopf 7r-coalgebras defined in [ Tur 

The notion of a Hopf 7r-coalgebra gen eralizes that of a Hopf algebra 



Hopf 



7r-coal gebras are used by the autho r in |Vii| to construct Hennings-like (see |Hcn96 
KR95 |) and Kuperberg-like (see Kup91 ]) invariants of principal 7r-bundles over 



link complements and over 3-manifolds. The aim of the present paper is to lay the 
algebraic foundations for |Vir| , specifically the existence of integrals and traces for 
a Hopf 7r-coalgebra. 

Let us briefly recall some definitions of [Tur|. Given a (discrete) group 7r, a Hopf 
7r-coalgebra is a family H = {iJ Q }Q, e7r of algebras (over a field k) endowed with a 
comultiplication A = {A Q .£j : H a p — > H a ® Hp} a ^£n, a counit e : Hi — > k, and an 
antipodc S = {S a : H a — > H a -i} ae7r which verify some compatibility conditions. A 
crossing for H is a family of algebra isomorphisms tp = {tpp : H a — > iJ^ a ^-i } Q ( g 67r 
which preserves the comultiplication and the counit, and which yields an action of 
7r in the sense that (ppipp' = tppp' ■ A crossed Hopf 7r-coalgebra H is quasitriangular 
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(resp. ribbon) when it is endowed with an i?-matrix R = {R a ,p G H a ® Hp} aj p£ n 
(resp. an i?-matrix and a twist — {9 a £ H^u^) verifying some axioms which 
generalize the classical ones given in [Dri87| (resp. [RT90|). The case tt = 1 is the 
standard setting of Hopf algebras. When tt is commutative and cp is trivial, one 
recovers the definition of a quasitriangular or ribbon 7r-colored Hopf algebra given 
by Ohtsuki JOht93 |. 

Basic notions of the theory of Hopf algebras can be extended to the setting 
of Hopf 7r-coalgebras. In particular, a (right) 7r-integral for a Hopf 7r-coalgebra 
H is a family of k-forms A = {A Q : H a — » k} ae7r such that (X a ® idjj p )A a ^ = 
X a p 1/3 for all a, (3 € tt. When H is crossed, a 7r-trace for H is a family of k-forms 
tr = {tr Q : H a — ► k} ae7r which verifies tr a (xy) — tr Q (?/x), tr a -i (S a (x)) — tr a (ir), 
and tr /3Q/3 -i (tpp(x)) — tT a {x) for all a, (3 £ tt and i,t/ 6 H a . These notions were 
introduced in [Vir] for topological purposes. 

In the first part of the paper (Sect. 0-|^), we mainly focus on finite dimensional 
Hopf 7r-coalgebras, that is Hopf 7r-coalgebras H = {Ha}^^ with each H a finite 
dimensional. The first main result is the existence and uniqueness (up to a scalar 
multiple) of a 7r-integral for such a Hopf 7r-coalgebra. To prove this result, we study 
rational 7r-graded modules, introduce the notion of a Hopf 7r-comodule, and gener- 
alize the fundamental theorem of Hopf modules (sec | LS69 |) to Hopf 7r-comodules. 

As for Hopf algebras, any finite dimensional Hopf 7r-coalgebra contains a dis- 
tinguished 7r-grouplike element. Generalizing [Rad94|, we study the relationships 
between this element, the antipode, and the 7r-integrals. As a corollary, we give an 
upper bound for the order of S a -iS a whenever a € tt has a finite order. 

The notions of semisimplicity and cosemisimplicity can be extended to the set- 
ting of Hopf 7r-coalgebras. We show that a finite dimensional Hopf 7r-coalgebra 
H = {H a } ae7r is semisimple (that is each H a is semisimple) if and only if Hi is 
semisimple. We define the cosemisimplicity for 7r-comodules and 7r-coalgebras, and 
we use 7r-integrals to give necessary and sufficient criteria for a Hopf 7r-coalgebra 
to be cosemisimple. 

In the second part of the paper (Sect. ||^]), we study quasitriangular Hopf 
7r-coalgebras. The main result is the existence of 7r-traces for a semisimple (resp. 
cosemisimple) finite dimensional unimodular ribbon Hopf 7r-coalgebra. To prove 
this result, we generalize the main properties of quasitriangular Hopf algebras 
(see pri90j |Rad9^ ). In particular, we introduce and study the (generalized) Drin- 
feld elements of a quasitriangular Hopf 7r-coalgebra H, we compute the distin- 
guished 7r-grouplike element of H by using the i?-matrix, and we show that the 
twist of a ribbon Hopf 7r-coalgebra leads to a 7r-grouplike element which imple- 
ments the square of the antipode by conjugation. 

The paper is organized as follows. In Section [l], we review the basic definitions 
and properties of Hopf 7r-coalgebras. In Section ||, we discuss the notions of a 
rational 7r-graded module and of a Hopf 7r-comodule. In Section ||, we use these no- 
tions to establish the existence and uniqueness of 7r-integrals. SectionH is devoted 
to the study of the distinguished tt- grouplike element. In Section o, we discuss 
the notion of a semisimple (resp. cosemisimple) Hopf 7r-coalgebra. In Section ^, we 
study crossed, quasitriangular, and ribbon Hopf 7r-coalgebras. Finally, we construct 
7r-traces in Section [?]. 
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1. Basic definitions 

Throughout the paper, we let tt be a discrete group (with neutral element 1) and 
k be a field (although much of what we do is valid over any commutative ring). We 
set k* = k \ {0}. All algebras are supposed to be over k, associative, and unitary. 
The tensor product <£> = (g>k is always assumed to be over k. If U and V are 
k-spaces, au,v '■ U ® V — > V ®U will denote the flip defined by au,v{ u ® v ) = v®u. 



1.1. 7r-coalgebras . We recall the definition of a 7r-coalgebra, following | Tui , §11.2] . 

A n-coalgebra (over k) is a family C — {C a } a £n of k-spaces endowed with a family 
A = {A Qi/ 3 : C a f3 — > C a ® Cp} a fl£K of k-linear maps (the comultiplication) and a 
k-linear map e : C\ — ► k (the counit) such that 

(1.1. a) A is coassociative in the sense that, for any a, 0, 7 G tt, 
(A Qi/3 ig> idc T )A a/3:7 = (id Ca ®A /3:7 )A C[ii a 7 ; 
(1.1. b) for all a E tt, 

(idc Q <8e)A Q4 = id Ca = (e ® id c JAi :Q . 

Note that (Ci, A 11; e) is a coalgebra in the usual sense of the word. 

Sweedler's notation. We extend the Sweedler notation for a comultiplication in 
the following way: for any a, (3 G tt and c G C a p, we write 

^■a, 13(c) = ^ C( ljQ ) <S) C( 2 ,P) S C a <g> 
(c) 

or shortly, if we leave the summation implicit, A aj ^(c) = Cn , Q ) ® c (2,/3)- 

The coassociativity axiom fll.l.aj ) gives that, for any a, (3, 7 G tt and c G C a( g 7 , 

C(l, Q /3)(l,a) ® C(l,a/3)(2,/3) ® C(2, 7 ) = C(i )C ,) ® C( 2)i g 7 )(l,/3) ® C( 2j| g 7 )(2, 7 ) ■ 

This element of C a (8 (7g®C 7 is written as cm )a )®C(2 l( g)®C(3 )7 ). Foranyc G C Ql ... Qii , 
by iterating the procedure, we define inductively cn ai ) <g> ■ ■ ■ d> C( njQri ). 

1.2. Convolution algebras. Let C = ({C a }, A, e) be a 7r-coalgebra and A be an 
algebra with multiplication m and unit element 1^. For any / G Homi c (C a , A) and 
g G Homis(C/3, A), we define their convolution product by 

/ * 5 = m(/ <g> g)A a ,p G Hom k (C a/3 , A). 

Using (pHl| ) and ( gTg ), one verifies that the k-space 

Conv(C, A) = Hom k (C Q , A), 

endowed with the convolution product * and the unit element cXa, is a 7r-graded 
algebra, called convolution algebra. 

In particular, for A = k, the 7r-graded algebra Conv(C, k) = ©ag^C* is called 
dwoi to C and is denoted by C* . 
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1.3. Hopf 7r-coalgebras . Following | Tui , § 1 1 . 2] , a Hopf tt - coalgebra is a 7r-coalgebra 



H = {{Ha}, A, e) endowed with a family S = {S a : H a — » H a -i} al = 7T of k-linear 
maps (the antipode) such that 

(1.3. a) each H a is an algebra with multiplication m a and unit element X a E H a ; 
(1.3.b) e : Hi — > k and A aj( g : H a p — > ff Q ® (for all a,/3 E tt) are algebra 

homomorphisms; 
(1.3.c) for any a £ n, 

m a (S a -i <8> id ffa )A a -i iQ = el a = m a (id Ha ®S a -i)A a>a -i. 

Remark that it is not a self-dual notion and that (Hi, mi, 1%, Ai t i, e, Si) is a 
(classical) Hopf algebra. 

The Hopf 7r-coalgebra H is said to be finite dimensional if, for all a E tt, H a 
is finite dimensional (over k). Note that it does not mean that © a67r 77 Q is finite 
dimensional (unless H a = for all but a finite number of a E tt). 

The anti pode S = {S a } ae7r of is said to be bijective if each S a is bijective. 



Unlike [Tur, §11.2], we do not suppose that the antipode of a Hopf 7r-coalgebra H is 
bijective. However, we will show that it is bijective whenever H is finite dimensional 
(see Corollary ||(a)) or quasitriangular (see Lemma |l7|(c)). 

A useful remark is that if H = {H a } a en is a Hopf 7r-coalgebra with antipode 



S = {SajagTr, then Axiom (1.3.c) says that S a is the inverse of id# _ x in the 
convolution algebra Conv(H, H a -i) for all a E 7r. 

In the next lemma, generalizing | Swe70| , Proposition 4.0.1], we show that the 



antipode of a Hopf 7r-coalgebra is anti-multiplicative and anti-comultiplicative. 

Lemma 1. Let H = ({H ai m a , l a }, A, e, S) be a Hopf tt- coalgebra. Then 

(a) S a (ab) = S a (b)S a (a) for any a £ tt and a,b E iJ a ; 

(b) So (la) = l Q -i for any a E 7r; 

(c) Ap-i^-iSap = o- Ha _ 1 ,H [i _ 1 (S a ® Sp)A a> p /or any a,/3 E tt; 

(d) eSi = e. 

Proof. The proof is essentially the same as in the Hopf algebra setting. For exam- 
ple, to show Part (c), fix a, (3 S tt and consider the algebra Conv(ff, Hp-i <g> H a -i) 
with c on voluti on pro duct * and unit element e = el/3-1 <8> l Q -i. Using Axioms 
( |l.l.b| ), ( |l.3.b ), and ( 1.3.cj ), one easily checks that Ap-i ta -iS a p * Ap-i i<x -i = e 



and Ap-i >a -i * GH a -x,H p -i (Sa ® Sp)A a> p = e. Hence we can conclude that 

Ap-y j0t -iS a p = 0-H a _ 1 ,H fj -i (Sa <8 Sp)A a fi. □ 

Corollary 1. Let _ff = {-ffaj-Qgjr fee a Hopf tt- coalgebra. Then {a £ 7r | -Hq, 7^ 0} is 
a subgroup of tt . 

Proof. Set G = {a E tt\ H a ^ 0}. Firstly li ^ (since e(li) = 1^0) and so 



1 E G. Then let a,/3 E G. Using ( |l.3.bj ), A a ^(l Q ^) = l a <8> 1/3 ^ 0. Therefore 
la/3 7^ and so afi E G. Finally, let a E G. By Lemma 0(b), 5 a -i(l Q -i) = 1 Q 7^ 0. 
Thus l Q -i 7^ and hence a -1 E G. □ 

1.3.1. Opposite Hopf tt- coalgebra. Let = {i/alae^ be a Hopf 7r-coalgebra. Sup- 
pose that the antipode S = {S a } a eir of H is bijective. For any a E tt, let H° p be 
the opposite algebra to H a - Then H° p = {H° p } a&7T , endowed with the comultipli- 
cation and counit of H and with the antipode S op — {S° p = S^-ilaejr, is a Hopf 
7r-coalgebra, called opposite to H. 
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1.3.2. Coopposite Hopf tt- coalgebra. Let C = ({C Q }, A, e) be a 7r-coalgebra. Set 

C™>=C a -i and A^ = ffC)( . 1 , Ce . 1 A ri0 - 1 . 

Then C cop = ({C™ p }, A co p, e) is a 7r-coalgebra, called coopposite to C. If if is a 
Hopf 7r-coalgebra whose antipode S = {S^laex is bijective, then the coopposite 
7r-coalgebra H cop , where H^° p — H a -i as an algebra, is a Hopf 7r-coalgebra with 
antipode S cop = {S c a op = S' 1 }^. 

1.3.3. Opposite and coopposite Hopf ir-coalgebra. Let H = ({H a },A,e,S) be a 
Hopf 7r-coalgebra. Even if the antipode of H is not bijective, one can always 
define a Hopf 7r-coalgebra opposite and coopposite to H by setting H° p ' cop — H op _ 1 , 

A op^cop = A co^ £0 p, cop = £j ^op.cop =Sa _ lm 

1.3.4. The dual Hopf algebra. Let H = ({H a ,m a ,l a },A,e,S) be a finite dimen- 



sional Hopf 7r-coalgebra. The 7r-graded algebra H* = (BaewH* dual to H (see §1.2) 
inherits a structure of a Hopf algebra by setting, for all a E tt and / E H*, 

A(/) = m* (/) E (fT a ® S if* ® if*, 

e(/) = /(1 Q ), and £(/) = / o S a -i ■ Note that if H a ^ for infinitely many a E tt, 
then if* is infinite dimensional. 

1.3.5. The case tt finite. Let us first remark that, when tt is a finite group, there 
is a one-to-one correspondence between (isomorphic classes of) 7r-coalgebras and 
(isomorphic classes of) 7r-graded coalgebras. Recall that a coalgebra (C, A, e) is 
■n-graded if C admits a decomposition as a direct sum of k-spaces C = (BaenCa 
such that, for any a E tt, 

A(C Q ) C ^ C/3 ® C 7 and e(C Q ) = if a ^ 1. 

/37— a 

Let us denote by p a : C — > C a the canonical projection. Then {C a } a£7r is a 
7r-coalgebra with comultiplication {(p a ® pp)A\c a/3 }a,i3^-n and counit e\c\- Con- 
versely, if C = ({C a },A, e) is a 7r-coalgebra, then C = © aSw C a is a 7r-graded 
coalgebra with comultiplication A and counit e given on the summands by 

A|C Q = ^ A/8,7 and ^ICo = 
/37— a 

Let now if = ({ff a , m a , 1 Q }, A, e, S) be a Hopf 7r-coalgebra, where tt is a finite 
group. Then the coalgebra (ff, A,e), defined as above, is a Hopf algebra with 
multiplication rh, unit element 1, and antipode S given by 

™-\H a ®H B = { 7" Z ~ , ^ ) * = X! lc " and & = X! 5 ' Q - 





When 77 is finite dimensional and tt is finite, the Hopf algebra H* (see §1.3.4) 
is simply the dual Hopf algebra H* . 

Remark. When tt is finite, the structure of 7r-comodules over a 7r-coalgebra C (The- 
orem 0), the existence of 7r-integrals for a finite dimensional Hopf 7r-coalgebra H 
(Theorem |^) and their relations with the distinguished 7r-grouplike element (Theo- 
rem ||) can be deduced from the classical theory of coalgebras and Hopf algebras by 
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using C or H (defined as in 1 1.3.5 ). Nevertheless, for the general case, self-contained 
proofs must be given. 

In general, the results relating to a quasitriangular Hopf 7r-coalgebra (see Sect, 
cannot be deduced from the classical theory of quasitriangular Hopf algebras. 
Indeed, even if tt is finite, an i?-matrix for a Hopf 7r-coalgebra H (whose definition 



involves an action of tt, see §6.2) does not necessarily lead to a usual i?-matrix for 
the Hopf algebra H. 

2. Modules and comodules 

In this section, we introduce and discuss the notions of 7r-comodules, rational 
7r-graded modules, and Hopf 7r-comodules. They are used in Section || to show the 
existence of integrals. 

2.1. 7r-comodules. Let C — ({C a }, A, e) be a 7r-coalgebra. A right ir-comodule 
over C is a family M = {M a } ae7T of k-spaces endowed with a family p = {p a ,p ■ 
Ma/3 Ma <8 C/3}a,/3ejr of k-linear maps (the structure maps) such that 
(2.1. a) for any a, (3, 7 G tt, 

(pa tf 3 ® idc^)p a /3 n = {id Ma ®Ap„)p a> p y ; 

(2.1.b) for any a G tt, 

(id Ma ®e)p aj x = id A f Q . 
Note that Mi endowed with the structure map p\ t \ is a (usual) right Ci-comodule. 



If tt is finite and C — (BaenCa is the 7r-graded coalgebra defined as in § |1 .3.5 
then M leads to a 7r-graded comodule M = © agT M Q over C with comodule map 
P = Y.„*^p a ,B (see flNTQl ) 



A TT-subcomodule of M is a family N = {N a } a( = n , where N a is a k-subspace of 
M a , such that p a! p(N a p) C N a ®Cp for all a, j3 G tt. Then TV is a right 7r-comodule 
over C with induced structure maps. 

A TT-comodule morphism between two right 7r-comodules M and M' over C (with 
structure maps p and p') is a family f — {fa '■ M a — > M^} a67r of k-linear maps 
such that p'a^fa/3 = {fa ® idc 3 )/5a,,3 for all a, /3 G tt. 



Sweedler's notation. We extend the notation of Section |l.l| by setting, for any 
a, /3 G tt and to G M q ^, 

Pafiim) = m( 0)O ) ® TO(l,/3) G M Q ® C/3. 

Axiom ( ^.l.a ) gives that, for any a, /3, 7 G tt and m G M a p 7 , 



TO (0,a/3)(0,a) ® m (0,a/3)(l,/3) ® m (l,7) = m (0,a) ® m (l,/3 7 )(l,/3) ® m (l,/3 7 ) (2, 7 ) • 

This element of M Q ® Cp ® C 1 is written as m(o, a ) ® m (i,/3) ® TO (2, 7 )- For any 
to G M a0Ol ... atl , we define inductively ni( Q aB ) eg) m(i iai ) ® • • ■ ® Ti( n ,a„) by iterating 
the procedure. 

Let iV = {-/VoJcgTr be a 7r-subcomodule of a right 7r-comodule M = {M a } a€7r 
over a 7r-coalgebra C. One easily checks that M/N = {M a /N a } a ^ is a right 
7r-comodule over C, with structure maps naturally induced from the structure maps 
of M. Moreover this is the unique structure of a right 7r-comodule over C on M/N 
which makes the canonical projection p = {p a : M a — > M a /iV a } a g ff a 7r-comodule 
morphism. 
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If / = {f a : M a — » M^jcgT is a 7r-comodule morphism between two right 
7r-comodules M and M', then ker(/) = {ker(/ a )} Qe7r is a 7r-subcomodule of M, 
f(M) = {/ a (M Q )}Q, e7r is a 7r-subcomodule of M', and the canonical isomorphism 
/ = {f a : Af Q /ker(/ Q ) — > /a(Af Q ,)} Q g 7r is a 7r-comodule isomorphism. 

Example 1. Let H be a Hopf 7r-coalgebra and M = {M a } aeir be a right 7r-comodulc 
over H with structure maps p = {p a ,/3}a, pe-rr- The coinvariants of H on M are the 
elements of the k-space 

{m = {m a )a£Tr G II M a | Pa,a{maa) = m a ® In for all a, (3 G tt}. 

For any a £ rr, let M^ H be the image of the (canonical) projection of this set onto 
M a . It is easy to verify that M coIi = {M™ ff } Qe?r is a right rr-subcomodule of M, 
called the tt -subcomodule of coinvariants. 

2.2. Rational 7r-graded modules. Throughout this subsection, C — ({C a }, A, e ) 
will denote a 7r-coalgebra and C* — © q g t C* its dual 7r-graded algebra (see §1.2). 
In this subsection we explore the relationships between right 7r-comodules over C 
and 7r-graded left C*-modules. 

Let M = ® a eirM a be a 7r-graded left C*-module with action ip : C* ® M — * M. 
Set M a = M a -i. For any a, (3 G n, define 

(2. 2. a) p afi : M al3 -» Rom k (C* ,M a ) by p a ,p{m)(f) = ^(/ (g) m). 

There is a natural embedding 

M a o C/3 ^ Hom k (C^,M Q ) m ® c (/ /(c)m). 

Regard this embedding as inclusion, so that M Q ® C73 C Homi i ;(C^, M a ). The 
rr-graded left C*-module M is said to be rational provided p a ,p{M a p) C M a ® 
for all a, j3 G 7r. In this case, the restriction of p a $ onto M a ® will also be 
denoted by 

(2.2.b) PajiMcp-tMaQCfi. 

The definition given here generalizes that of a rational 7r-graded left module 
given in [NT93| and agrees with it when tt is finite. 

The next theorem generalizes [NT93, Theorem 6.3] and [3we70, Theorem 2.1.3]. 

Theorem 1. Let C be a ir-coalgebra. Then 

(a) There is a one-to-one correspondence between (isomorphic classes of) right 
Tr-comodules over C and (isomorphic classes of) rational it -graded left C* - 
modules. 

(b) Every graded submodule of a rational tt -graded left C* -module is rational. 

(c) Any tt -graded left C* -module L — ® a e-nL a has a unique maximal rational 
graded submodule, noted L rat , which is equal to the sum of all rational 
graded submodules of L. Moreover, if p = {p a ,f3}a,f3£n is defined as in 
( ]2.2.aD , then (L rat ) 7 = ("1 P~ a \(L a <g Cp) for any 7 G tt. 

a/3=7~ 1 

Before proving the theorem, we needs two lemmas. Recall that a left module M 
over a 7r-graded algebra A = ® a ^A a is graded if M admits a decomposition as a 
direct sum of k-spaces M = ©« ejr M a such that A a Mp C M a p for all a, (3 G tt. A 
submodule TV of M is graded if N = © Qe7r (/V n M a ) . The quotient M/N is then a 
left rr-graded A-module by setting (M/N) a = (M a + N)/N for all a G tt. This is 
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the unique structure of a 7r-graded A-module on M/N which makes the canonical 
projection M — > M/N a graded v4-morphism. 

Let M = {M a } Q£7r be a family of Ik-spaces and p — {p a ,/3 ■ M a p — > M a ® 
Cp} a ,peir be a family of k-linear maps. Set M = ® a&n M a , where M a — M a -i. 
Let ijj p : C* ® M — > M be the k-linear map defined on the summands by 

G* (8 M/3 — ^ LJ — G* M a p ® C a P 

— „ id - aa ®<.) _ _ 
► M af3 ®C* a ®C a ► M a/3 ® Ik M a0 , 

where ( , } denotes the natural pairing between G* and C a . 

Lemma 2. (M, p) is a right ir-comodule over C if and only if (M, ip p ) is a it -graded 
left C* -module. 

Proof. Suppose that (M, p) is a right 7r-comodule over C. Firstly, for any m £ M a , 
ip p (e ® m) = m (0iQ -i)e(m (lil )) = to, by ( |2.1.bD . Secondly, for any / £ G*, g £ C§, 



and to £ M 7 , 

ll)p{fg®m) = m( 0> (a/3 7 )-i)/fl(TO(l,a/9)) 

= TO (0,(a/37)- 1 )/( TO (l:a))-9( m (2,/3)) 

= ip P (f ®ip P (g<8>m)). 

Moreover, by construction, ip p (C* ® Afg) C M Q( a for any a, /3 £ 7r. Hence (M,ip p ) 
is a 7r-graded left C*-module. 

Conversely, suppose that (M,ip p ) is a left 7r-graded C*-module. Since, for all 



a £ 7r and to £ M ra = M a -i, (idM Q ®e)Pa,\(m) = Vv( e ® m ) = m i (2.1.t) is verified 



To show that (2.1. a) is satisfied, let a, (3, 7 £ tt and to £ M a p 7 . Set 

<5 = (p a ,p ® idc 7 )p Q /3, 7 (m) - (id Ma ®A /3i7 )p ai( 3 7 (TO) £ Af Q ® C^3 (8 G 7 . 

Suppose that 5^0. Then there exists F £ (M a (g> (8) C 7 )* such that F(5) ^ 0. 
Now M*<g)C^<g)C 7 is dense in the linear topological space (Af a ®C / 8®C 7 )* endowed 



with the (M a 8^8 C 7 )-topology (see ]Abe80| , page 70]). Thus (M* ® G^ <g> G*) n 



(F + 5 X ) ^ 0, where (S 1 - = {/ £ (M Q ®Q® C* 7 )* | f(S) = 0}. Then there exists 
G £ M* ®C*p® C* such that G(<5) + 0. Now, for all / £ M*, g £ G|, and ft £ G*, 

(/ <g> g®h)(p a>l 3®idc y )p a i3, 7 (m) = f o ip p (g <g> ^(/i <8> m)) 

= / o i\)p{gh (g) to) 

= (/®S , ®^)(idM a '8)A (3:7 ) / 9 Q:/ 3 7 (TO), 

i.e., (/ ' ®g® h)(S) = 0. Therefore G(5) = 0, which is a contradiction. We conclude 
that <5 = and then (/3 a ,/3 <8> idc T )Pa/3, 7 = (idA/„ <8 , A^ j7 )/3 Q , i( g 7 . Hence (M,p) is a 
right 7r-comodule over G. □ 

Lemma 3. Let M = ® a ^M a be a rational it -graded left C* -module. Then M — 



{M a } a£7T , endowed with the structure maps p — {p a ,(3\aj3£Tr defined by (2.2.b), is 
a right ir-comodule over C . 

Proof. Let ip p : C* ®M — » M be the map defined as in Lemma |2|. It is easy to verify 

that (M,ip p ) = (M,ip). Thus (M,ip p ) is a 7r-graded left G*-module and hence, by 
Lemma S, (M, p) is a right 7r-comodule over G. □ 
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Proof of Theorem 0. Part (a) follows directly from Lemmas |^ and To show Part 
(b), let N be a graded submodule of a rational 7r-graded left C*-module (M,ip). 
Let p a fi : N a p — » Hom^CS, N a ) defined by p ai p(m)(f) = ip(f(&m). Suppose that 
there exist a, (3 G it and n G N a p such that p a ,p(n) G" N a ®Cp. Since M is rational, 
we can write p a ,p(n) — Yli—i n i ® °i G ® Without loss of generality, we 
can assume that the Ci are k-linearly independent and n\ ^ N a . Let / G CS such 

that /(ci) = 1 and /(q) = for i > 2. Now ?/>(/ ® n) = £* =1 7ii/(ci) = ™i £ 
iV Q = N a -i, contradicting the fact that N is a graded submodule of M. Thus 
Pa,p(N a p) C iV a (g> C/3 for all a,/3 G 7r. Hence N is rational. 

Let us show Part (c). Denote by • the left action of C* on L. Set L a = L a -i and 
p a ,p ■ L a p — > Hom k (C|,L Q ) given by p a ,p(m)(f) — f ■ m. Recall L a ® C/3 can be 
viewed as a subspace of Hom^Cg, L a ) via the embedding L a ®Cp Homj^C^, L a ) 
given by m(E>c i— ► (/ i— > f(c)m). Define M 1 = n Q/ 3 =7 -ip~^(L Q Cs5 Cp) for any 7 G tt, 
and set M = © 7£7r M 7 . Fix a, f3 £ n, f £ C*, and m G M/3. Let it,n e 1 such that 
uv = (a/3) -1 . We can write p u ,va(m) — St=i h ® Ci € L u ® C va . Now, for any 
5 G 5 • (/ ■ m) = (3/) ■ m = J2i=i9f(ci)k = J2i=i9(f{ci(,2,a))ci(i, v ))k- Then 
PuAf ■ m ) = J2i=i h ® /(Ci(2, a ))c»(i,t;) € L„ ® C„ and so / • m G /d^(i„ ® (7„). 
Hence /-m G n ul , = ( Q( g)-ip~ 1 {L U ®C V ) = M a p. Therefore M is a graded submodule 
of L. Moreover one easily checks at this point that p a .p(M a p) C M a ® C/3 for any 
a, /? in 7T. Thus A/ is rational. 

Suppose now that N is another rational graded submodule of L and denote by 
Q = {Qa,p}a,pGTi its corresponding 7r-comodule structure maps (see Lemma [}]). Let 
7 G 7r and a,/3 G tt such that a/3 = 7 _1 . By the definition of p a ,p and p a ,/3 and 
of the embedding N a ® Cp d L a ® Cp d Honik(C^, L a ), it follows that p a ,p\N = 
Q a ,p ■ N a p —> N a ® Cp. Thus p a ,p(Nj) = Q a ,p(N a p) C N a (g)Cp C L a ® Cp, and 
so N 7 C P~\(L a <g> Cp). This holds for all a,/3 G tt such that a/3 = 7 _1 . Thus 
C n a/3=J -ip~^(L a <g) C/3) = M 7 for any 7 G tt. Hence N C M. Therefore M is 
the unique maximal rational graded submodule of L and is the sum of all rational 
graded submodules of L. □ 



Remark that, using Lemma g and Theorem [l](c), a unique "maximal" right 
7r-comodule M rat over C can be associated to any 7r-graded left C*-module M. 



2.3. Hopf 7r-comodules. In this subsection, we introduce and discuss the notion 
of a Hopf 7r-comodule. 

Let H = ({H a , m a , A, e, S) be a Hopf 7r-coalgebra. A right Hopf ir-comodule 
over H is a right 7r-comodule M — {M Q } Q , 67r over H such that 

(2. 3. a) M a is a right i/ Q -module for any a G 7r; 

(2.3.b) Let us denote by -0a : M a ® Ha — > H a the right action of H a on M Q and by 
p = {pa,p}a,perr the 7r-comodule maps of M. These structures are required 
to be compatible in the sense that, for any a,/3 G it, the following diagram 
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is commutative: 



M al3 <8> H af) 



M n ®H ®H n ® H, 







Pa.,0 



M n ®H n ®H Fi ® Hn 



When 7r = 1, one recovers the definition of a Hopf module (see [LS69 ). 
Note that Axiom (2.3.b) means that p a $ : M a p — » M a ®Hp is 7J Q ^-linear, where 
M a ® Hp is endowed with the right H a p-m.odule structure given by 



(m Cg) h) ■ a = ^> a {m ® Qi(i, a )) ® ^ a (2,/3)- 

A Hopf -K-subcomodule of M is a 7r-subcomodule A — {A'ojaei of M such that 
A Q is a 7J Q -submodule of M Q for any a 6 i. Then A is a right Hopf 7r-comodule 
over H. 

A Hopf n-comodule morphism between two right Hopf 7r-comodules M and M 1 
is a 7r-comodule morphism / = {f a : M a — » M^jo-e^ between M and M' such that 
/ a is 7J Q - linear for any a £ tt. 

Example 2. Let H be a Hopf 7r-coalgebra and M — {M Q } Qe7r be a right 7r-comodulc 
over H, with structure maps p = {p a ./3}a,peTr- For any a £ tt, set (M (3 i?) Q = 
M a ® . The multiplication in H a induces a structure of a right if^-module on 
(M ®H) a by setting (m®h) <J a = m®ha. Define the 7r-comodulc structure maps 
fogs : (M ® iJ) Q/3 — » (M H) a ® by 

^(m ®h) = m (0ja ) ® /i ( i >a ) (8) rn^h^y 

Here we write as usual p a ,f3(m) — m(o j0! ) <8> TO (i,/3) an d ^a,/3(h) = hix t<x ) ® h(2,/3)- 
One easily verifies that M ®H — {(M ® H) a } a eir is a right Hopf 7r-comodule over 
i2\ called trivial. 



In the next theorem, we show that a Hopf 7r-comodule can be canonically de- 



composed. This generalizes the fundamental theorem of Hopf modules (see [LS69 
Proposition 1]). 



Theorem 2. Let H be a Hopf n-coalgebra and M — {M a } ae7T be a right Hopf 
ir-comodule over H. Consider the ■K-subcomodule of coinvariants M coH of M (see 
Example^) and the trivial right Hopf n-comodule M coH ®H (see Example^). Then 
there exists a Hopf n-comodule isomorphism M = M coH ® H. 

Proof. We will denote by • (resp. <) the right action of H a on M a (resp. on (M coH ® 
H) a ) and by p = {p a ,/3}a,pe-K (resp. f = {^ a ,p}a./3en) the 7r-comodule structure 
maps of M (resp. of M coIi ® H). For any a £ n, define P a : Mi — > M a by 
P a {m) = TO(o jQ ,) • S a -i (m(i, a -i)). Remark first that, for any m £ Mi, (P a (wT-)) a g 7r 
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is a coinvariant of H on M. Indeed, if m E Mi, 

Pa.,p(P a p{m)) 

= Pa,p(m(p, a p) ■ S'( Q , / 3)-i(m(i ) ( ai g)-i))) 

)) by (|2Ab| ) 

= m( , a ) ■ 5" Q -i (m (3)a -i)) <g> m^Sp-i {m (2 .p -i)) by Lemma 0(c) 

= m(o, a ) • S a -i (e(m(i,i))m( 2 ,a- :l )) ® ^ b y ( Qjj) 
= m( , a ) • S'a-l (m(i, a -i)) <g> 1/3 by ( [1.1. bp 

= P a (m)®lp. 

For any a E 7T, define / Q : {M coIi ®H) a -> M Q by f(m®h) = m-h. Then / Q is iJ a - 
linear since f a (m<8> h) ■ a = [m ■ ft.) ■ a — m ■ ha = f a ((m <8>h) < a) for all m £ M a 
and ft,, a E H a . Moreover (f a £g> id^)^^ = p a ,pf a p f° r an £ 7r. Indeed let 
to E M^ ff and ft. E Pa/3- By the definition of M^J 1 , there exists a coinvariant 
(TO 7 ) 7S7r of H on M such that to = m a| g. In particular p a .p{m) = m a ® 1^. Thus 

(/a <8> id ff(3 )^ ai/3 (TO (8) ft) = TO Q • ft (liQ ) ® /l( 2 ,/3) 

= p a ,p(m) ■ A at p(h) 



Then / = {/ Q }« e . : M 



coff 



p 



= Pa,p(m ■ ft) by ( |2.3.bD 

= Pa,p(fap(m® ft)). 

M is a Hopf 7r-comodule morphism. To 
show that / is an isomorphism, we construct its inverse. For any a e i , define 
g a ■ M a — > M^ oH (g) P Q by g a — (P a ® idfr a )pi )Q . The map g Q is well-defined since 
(P 7 (m)) 7 g 7r is a coinvariant of H on M for all to E Mi, and is P Q -linear since, for 
any x E M a and a E P Q , 

g Q (ir-a) = (P a ® idH a )pi, a (x ■ a) 

= (P Q (giidj/J^i )-Ai ja (a)) by (|Ip) 

= Pa (35(0,1) ' 0(1,1)) ® »(l,o)0(2,a) 

= (^(0,o) ' a (l,a)) ' »S'a-i(a;(l,Q-i)a(2,a-i)) O ^(2,a)«(3,a) by Q2.3.b| ) 
= X(0,a) ■ i a (l,a)S a -i [a(2 ia -l))S a -i (33(1^-1))) ® £(2,a) a (3 : a) 

= a:(o,a) ' S a -i(x(i ja -i)) <8> X( 2) a)e(a(i ) i))a(2,a) by (|l.3.c|) 
= 33(0,0,) • -S'o-i^i.a- 1 )) ® «(2,o)a by ( |l.l.b| ) 
= g a (x) < a. 

Moreover (g a ® idH^)p ai( 3 = £,a,pgap for all a, /? E 7T. Indeed, for any x E M a p, 

£a : p{g a p{x)) = £ a ,j3( P <*p( x (Q,l)) ® ^(l.a/S)) 

= Po/3(^(0,l))(0,a) ® a; (l,a/3)(l,Q) ® Pa/3(33(l,l))(l„a)33(i iQ| a)(2,^), 

and so, since (P 7 (a;( 0jl ))) 7e7r is a 7r-coinvariant of H on M, 

£a,p(9al3(x)) = P a {x(0,l))® x (l, a )®X(2,P) 
= 9a{Z(0, a )) ® £(l,/3) 
= (Po <8>idK /5 )Pa, l a(33). 

Thus 5 = {5 Q } Qe7r : M -> M coff <g) P is a Hopf 7r-comodule morphism. It remains 
now to verify that g a fa = id^co^®^ and f a g a = idA/ Q for any a E n. Let 
to E M^° H and ft E P Q . By the definition of M^ oH , there exists a coinvariant 
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(m 7 ) 7S7r of H on M such that m — m a . In particular, p\. a {m) = mi (g> l a and 
P a (mi) — m a ■ S a -i(l a -i) = m ■ l a = m. Then 

g a fa(m(g>h) = g a (m-h) 

= g a {m) < h since g a is iJ Q -lincar 

= (-P Q (rai) ®l a ) <h 

= m®h. 

Finally, for all x G M a , 

fa9a(x) = («(0,a) • ^q-i (ai(i )et -i))) • X( 2 ,„) 
= x (0,a) ■ (See- 1 (^(l,oi-l)) x (2,a)) 



x (o,a)e{ x (l,i)) ■ la by ( |l.3.c|) 
sc by fl2.1.b|) . 



Hence g = f 1 and / and g are Hopf 7r-comodule isomorphisms. □ 

3. Existence and uniqueness of ^-integrals 

In this section, we introduce and discuss the notion of a 7 r-integr al for a Hopf 
7r-coalgebra. In particular, by generalizing the arguments of |]Swe70 , §5], we show 



that, in the finite dimensional case, the space of left (resp. right) 7r-integrals is one 
dimensional. 

3.1. 7r-integrals. We first recall that a left (resp. right) integral for a Hopf algebra 
(A, A, e, S) is an element A 6 A such that xA — e(x)A (resp. Ax = e(x)A) for all 
x G A. A left (resp. right) integral for the dual Hopf algebra A* is a k-linear form 
A e A* verifying (/<g>A)A = f(l A )X (resp. (A®/) A = /(U)A) for all / G A*. Let 
us extend this notion to the setting of a Hopf 7r-coalgebra. 

Let H = ({H a , m a , l a }, A, e, S) be a Hopf 7r-coalgebra. A left (resp. right) 
Tr-integral for H is a family of k-linear forms A = (X a ) aeTr G n Qe7r iJ* such that, 
for all a, /5 G 7r, 

(3.1. a) (id ffc , ®\p)A a ,p = X a/3 l a (resp. (A a <g> id ff)3 )A Q , l a = A Q /3 1/3 )• 

Note that Ai is a usual left (resp. right) integral for the Hopf algebra H* . 

If we use the multiplication of the dual 7r-graded algebra H* of H (see § |l.2| ) , we 
have that A = (A 0! ) Q , 67r G Ha^H* is a left (resp. right) 7r-integral for H if and only 
if, for all a, (3 G 7r and / G H* (resp. g G ZfS), 

f\p = f(l a ) A a/ 3 (resp. A a .g = #(1 Q ) A a/3 ). 

A 7r-integral A = (Ao,) Q g w for H is said to be non-zero if A^ ^ for some f3 G tt. 

Lemma 4. Let A = (A Q ) Qe7r fee a non-zero left (resp. right) n -integral for H. Then 
X a =/= for all a £ tt such that H a =/= 0. In particular Ai 0. 

Proof. Let A = (A Q ) ae7r be a left 7r-integral for H such that \p ^ for some 
(3 E tt and let a G 7r such that i? Q 7^ 0. Then Hg a -i 7^ (by Corollary [l]) and 



so 1/3Q- 1 7^ 0. Using ( 3.1. a ), we have that (id# ± ®A Q )A^ a -i Q = Xplp a -i 7^ 0. 



Hence A a 7^ 0. The right case can be done similarly. □ 
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Remark. Let H be a finite dimensional Hopf 7r-coalgebra. Consider the Hopf algebra 
H* dual to H (see § 1.3.4 ). If H a — for all but a finite number of a G n, then 
A = (A Q ,) Q , e7r G n^gTri?* is a left (resp. right) 7r-integral for H if and only if J2 a eir A« 
is a left (resp. right) integral for H*. If =/= for infinitely many a G n, then i/* 
is infinite dimensional and thus does not have any non-zero left or right integral 
(see [ Swc69{ ). Nevertheless we show in the next subsection that H always has a 
non-zero 7r-integral. 



3.2. The space of 7r-integrals is one dimensional. It is known (see [3we70 



Corollary 5.1.6]) that the space of left (resp. right) integrals for a finite dimensional 
Hopf algebra is one dimensional. In this subsection, we generalize this result to 
finite dimensional Hopf 7r-coalgebras. 

Let H = {-ffajag,, be a Hopf 7r-coalgebra (not necessarily finite dimensional). 
The dual 7r-graded algebra H* of H (see §1.2) is a 7r-graded left ff*-module via 
left multiplication. Let (iJ*) rat be its maximal rational 7r-graded submodule (see 
Theorem 0(c)). Denote by H n = (iJ*) rat = {H^} ae7I the right 7r-comodule over H 
which corresponds to it by Lemma |3|. Recall that H° C for any a G n. The 

7r-comodule structure maps of H n will be denoted by p = {p a ,/3}a,pe-ir- 

Lemma 5. Let A = (A Q ) Qe7r G Tla^H*. Then X is a left n-integral for H if and 
only if (A Q! -i) aE7r is a coinvariant of H on H D (see Example 0]. 

Proof. Suppose that A is a left 7r-integral for H. Fix 7 G n. Let a, (3 G tt such that 
a(3 — 7. We have that p a< p(X 1 -i) = A Q -i ®lp G H*®Hp since /A 7 -i = f{lp) X a -i 
for all / G Hp. Therefore A 7 -i G n Q/3=7 p~^(B* <8 Hp) = H* 1 ?? = H°, see 
Theorem |l|(c) . Hence, since pa,p{\ap')- 1 ) = A Q -i ® lp for all a. [3 G tt, (A a -i) Q g7r 
is a coinvariant of on ff D . Conversely, suppose that (A Q -i) Q67r is a coinvariant 
of H on F D . Let a, /? G 7r. Then p( a p)-i ta (\p) = X a p ® 1 Q , i.e., /A/3 = /(la) A Q/3 
for all / G ff*. Hence A is a left 7r-integral for H. □ 

For all a G 7r, we define a right _ff Q -module structure on H° by setting 

(/ v- a) (a) = /(zSaCa)) 
for any / G H°, a G H a , and a; G H a -i. 
Lemma 6. H n is a right Hopf ir-comodule over H. 

Proof. Let us first show that for any a, (3 G tt, / G ^£3, a G iT a( 3, and g G H%, 
(3-2. a) g(/ v- a) = / (0iCt) v- a^ t0l )(g, f{x t p)a^p)), 

where ( , } denotes the natural pairing between H % and Hp . Remark first that 

) by ClU ) 
= ^-i(o(2, j 9-i))o(3, / 8) ® S a p{a^ a p)) by (|l.3.c|) 
= 5'«(a(i,Q))(i^)a(2,/3) ® 5'a(a(i,a))(2,(a/3)-i) by Lemma 0(c) . 
Then, for all x G i? Q -i , 

Z(l,/8) ® X(2.,(ap)-i)S a p{a) 

= X(i t p)S a {a{l <a )){l t p)a(2,p) ® X(2XaP)- 1 )Sa(a(i^ a ))(2,(ap)- 1 ) 

= (2:5 , a (a (liQ )))( 1 , / 3)a ( 2 i/ 3) (g) (a;S , Q (a (1:Q )))(2 : ( a/ 3)-i) by ( |l.3.b| ), 
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and so 

g(fT-a)(x) = (g,X( h0) ){f t- a,x (2 ,( a 0)-i)) 

= (g,X(i,t3))(.f,X(2,( a 0)-i)S a 0(a)) 

= (9, (xSa(a(i. a )))(i.p)a(2,p)}{f, (xS'a(0(i ia )))(2,( a /3)-i)) 

= (( a (2,/3) flO/) v- a,( ha) (x), 

where — is the left i/^-action on H% defined by (b l)(y) — l{yb) for any I G Hi 
and 6, y G Hp. Then 

9(f = (( a (2,/3) - 1 .9)/) v- a (ljQ) 

= (/(o,a)(a(2,/3) 9,f(i,p))) a (i,a) by definition of 

= /(0,a) ^ a(l,a)(Sf)/(l,0)O(2,/9))i 

and hence (3. 2. a) is proved. 

Recall that the 7r-comodule structure map p a;/ a of fi n is, via the natural em- 
bedding H ° ® Hp C H* <8> Hp Rom^H^HJ), the restriction onto H° ® Hp of 
t he m ap £ a>0 : H° p -> Uom k (H*, Hj) defined by £ a ,p{f)(g) = gf. Let 7 G tt. By 
(3. 2. a), we have that, for any a, ft G 7r such that a/3 = 7, / G and a 6 i? 7 , 

£a„a(/ ^- a) = /(0,a) ^~ a (l,a) ® /(l,/3)a(2,/3) £ (#S ^ °(l,a)) ® H P C H a ® #/3' 

Therefore, by Theorem 0(c), / t- a G n a/3=7 £~~(IZj (8 C^) = Hence the 

action of on 77° is well-defined. This is a right action because S* 7 is unitary and 
anti-multiplicative (see Lemma [l]). Finally, Axiom (2.3.b) is satisfied since (3. 2. a) 
says that p a .p(f v- a) = / (0jQ) v- a (liCt) ® f(x,p)a(2,p) for any a,/? G tt, / G \ff^g, 
and a G ii a/ 3. Thus ii D is a right Hopf 7r-comodule over ii. □ 

By Theorem ||, the Hopf 7r-comodule H n is isomorphic to the Hopf 7r-comodule 
( H ny oH g ff Let f = {f a ; {H D f° H ®H a ^ H°} a&r be the right Hopf 
7r-comodule isomorphism between them as in the proof Theorem ||. Recall that 
f a (m<E) ft) = m ft for any a G tt, to G (if D )™ ff , and ft G 

Lemma 7. // fftere exists a non-zero left ir-integral for H , then S a is infective for 
all a G tt. 

Proof. Suppose that A = (A Q ) Qe7r is a non-zero left 7r-integral for H. Let a E tt. If 
H a = 0, then the result is obvious. Let us suppose that H a 7^ 0. Then H a ~i ^ by 
Corollary [j] and so A a -i 7^ (by Lemma|). Let ft G H a such that S a (h) — 0. By 
Lemma § A Q -i G H° coH . Now f a (X a -i <g> ft) = X a -i r- ft = (since S a (ft) = 0). 
Thus A Q -i ® ft = (since f a is an isomorphism) and so ft = (since A Q -i 7^ 0). □ 



Theorem 3. Let H be a finite dimensional Hopf ir-coalgebra. Then the space of 
left (resp. right) it -integrals for H is one-dimensional. 

Proof. For any a, (3 G tt, since H is finite dimensional and H* — H* x , we have 
that dim if* ® Hp = dimHomk(7J^, H*) < +00. Therefore the natural embedding 
H* <3 Hp Homic(-ff^, H*) is an isomorphism. Thus H* is a rational 7r-graded 
if*-module (see §U) and so H° = H*^ for all a G tt. Now dim(H a )l° H = 1 since 
(iJ D )J oH ® ffi = iff, dimifi = dim iff = dim if? < +00, and dimifi ^ (by 
Corollary |lj) . Hence there exists a 7r-coinvariant (tp a )ae-K of if on if D such that 



HOPF GROUP-COALGEBRAS 



15 



i/ji 7^ 0. Set A Q = ip a -i for any a G tt. By Lemma ||, A = (A a ) Qe7r is then a left 
7r-integral for H . Moreover Ai = ipi ^ and so A is non-zero. 

Suppose now that S = {5 a ) a ^ v is another left 7r-integral for H. Let a e f such 
that H a 7^ 0. By Lemma |?], and >S Q -i are injective (since there exists a non- 
zero left integral for H) and so dim ii Q = dim77 Q -i. Therefore dim(/f D )™ H = 1 
since (H n ) c ° H (g> H a = H° and ^ dimii Q = dimF° < +oo. Now X a -i,S a -i G 
(iJ D )™ ff by Lemma || and A Q -i ^ (by Lemma |^). Hence there exists k a G k such 
that <5 Q -i = A; Q A Q -i . If a G tt is such that H a ^ 0, then 

fciAi 1 Q = 5i l a = (id Ha <gx5 a -i)A Q:Ce -i = k a (id Ha ®A a -i)A QiQ: -i = fc Q Ai 1 Q , 

and thus fc Q = ki (since Ai 7^ and 1 Q 7^ 0). If a G tt is such that H a = 0, then 
<5 Q = = A a and so S a = ki X a . Hence we can conclude that 5 is a scalar multiple 
of A. 

To show the existence and the uniqueness of right 7r-integrals for H, it suffices 
to consider the coopposite Hopf 7r-coalgebra H cop to H (see § 1.3. 2| ). Indeed A = 
(A a )a£7r G n a67r ff* is a right 7r-integral for H if and only if (A a -i) Qe7r is a left 
7r-integral for H cop . This completes the proof of the theorem. □ 



Corollary 2. Let H — {H a } ae7r be a finite dimensional Hopf ir-coalgebra. Then 

(a) The antipode S = {S a } ae7r of H is bijective. 

(b) Let a £ it. Then H* is a free left (resp. right) H a -module for the action 
defined, for any f G H* and a, x G H a , by 

(a-L f)(x) = f(xa) (resp. (/ ^- a)(x) = f{ax)). 

Its rank is 1 if H a 7^ and otherwise. Moreover, if A = (Xp)fj e7r is a 
non-zero left (resp. right) ir-integral for H, then X a is a basis vector for 
H*. 

Proof. To show Part (a), let a G tt. By Lemma [?] and Theorem 0, S a : H a — » H a -\ 
and 5*0,-1 : H a -i — ► H a are injective. Thus dimH a = dimi? Q -i and so S a is 
bijective. To show Part (b), let A = (A Q ) QSw be a non-zero left 7r-integral for H and 
fix a G tt. If H a = 0, then the result is obvious. Let us suppose that H a 7^ 0. Recall 
that H°_ x = H* and f a -i : {H*) c ° H ®H a -i -> H* defined by f®h h-> S a -i (h) f 
is an isomorphism. Since 7^ A Q G {H*) C ° H , dim(H*) c ° H = 1, and S a -i is bijective, 
the map H a — > H* defined by h 1— ► ft, — 1 X a is an isomorphism. Thus (i f*, — ^ ) is a 
free left ii Q -module of rank 1 with vector basis A Q . Using H op ' cop (see § 1.3.3 ), one 
easily deduces the right case. □ 



4. The distinguished 7t-grouplike element 

In this section, we extend the notion of a grouplike element of a Hopf algebra to 
the setting of a Hopf 7r-coalgebra. We show that a 7r-grouplike element is distin- 
guished in a finite dimensional Hopf 7r-coalgebra and we study its relations with the 
7r-integrals. As a corollary, for any a G tt of finite order, we give an upper bound 
for the (finite) order of S a -iS a . 

4.1. 7r-grouplike elements. A tt -grouplike element of a Hopf 7r-coalgebra H is a 
family g = {g a ) a e-!r G U ae ^H a such that A a ,p(jg a p) = g a ® gp for any a,(3 G 7r 
and e(.gi) = lk (or equivalently 171 7^ 0). Note that g\ is then a (usual) grouplike 
element of the Hopf algebra H\ . 
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One easily checks that the set G(H) of 7r-grouplike elements of H is a group 
(with respect to the multiplication and unit of the product monoid Il ae7r H a ) and 
if .9 = (.9«)ae7r G G(H), then g- 1 = (S a -i(g a -t)) a& «. 

Remark that the group Hom(7r,k*) acts on G(H) by <fig — (0(a).g Q ) Q67r for any 
9 = (9a)ae7T G G(H) and £ Hom(7r,k*). 

Lemma 8. Let H be a finite dimensional Hopf ir-coalgebra. Then there exists a 
unique ir-grouplike element g = (g a )aeTT of H such that (id^r Q <g>A^)A Qj( 3 = X a p g a 
for any right ir-integral X — (X a ) a eir and all a, /3 £ 7r. 

The 7r-grouplike element g = (g a ) a <ETr of the previous lemma is called the dis- 
tinguished ir-grouplike element of H. Note that g\ is the (usual) distinguished 
grouplike element of the Hopf algebra H\ . 

Proof. Let A = (A a ) a e7r be a non-zero right 7r-integral for H. Let 7 £ n. For 
any (p £ iJ*, (<pA 7 -i Q ) Qe7r is a right 7r-integral for i? and thus, by Theorem ^, 
there exists a unique fc v £ k such that tp\y-i a = k v X a for all a € 7r. Now 
(cp 1 ► £ iJ** = if 7 (dimi? 7 < +00). Thus there exists a unique g 1 £ iJ 7 such 
that <£>A 7 -i Q = (p(g 7 )X a for any a £ !r and <y? £ -ff*. Then i^A/j = <p{g a )X a f3 for 
any a, f3 £ ir and 99 £ H* and hence (idjy^ ®\p)A at p = A a( 3 g Q for all a, (3 € 7r. 
Let a, /? £ 7r. If if Q| g = 0, then either H a — or Hp = (by Corollary |l|) and so 
A a:( 3(g Q/3 ) = = g a ®9j3- If ff Q| a 7^ 0, then, for any <p £ H * and -0 £ H£, k^X a p = 
(ipip)\i = <p{ipXi) = k^ipXp = k v k^X a p and thus k v ^ = k v k^ (since X a p 7^ by 
Lemma|), that is A aj p(g a p) = g a ®gp. Moreover e(g\)X\ = eXi = (e<8>Ai)Ai i i = Ai 
and so e(<?i) — 1 (since Ai 7^ by Lemma Q). Then g — (g a ) a ^ is a 7r-grouplike 
element of H. Since all the right 7r-integrals for H are scalar multiple of A, the 
"existence" part of the lemma is demonstrated. Let us now show the uniqueness 
of g. Suppose that h = (h a ) ae7r is another such 7r-grouplike element of H. Let 
A = (Aq )a(=7r be a non-zero right 7r-integral for H. Fix a £ 7r. If H a = 0, then 
h a — = g a . If H a 7^ 0, then X a 7^ (by Lemma [|) and so there exists a £ H a such 
that A Q (a) = 1. Therefore g Q = X a {a)g a — (idijj ®A a )Ai iCt (a) = X a {a)h a = h a . 
This completes the proof of the lemma. □ 

4.2. The distinguished 7r-grouplike element and 7r-integrals. Throughout 
this subsection, H = {-ffoJaeTr will denote a finite dimensional Hopf 7r-coalgebra. 



Since Hi is a finite dimensional Hopf algebra, there exists (see e.g. [Rad76]) a 
unique algebra morphism v : H\ — > k such that if A is a left integral for H 1 , then 
Ax = i/(x)A for all a; £ H\. This morphism is a grouplike element of the Hopf 
algebra H^, called the distinguished grouplike element of H{. In particular, it is 
invertible in H* and its inverse v~ x is also an algebra morphism and verifies that 
if A is a right integral for Hi, then xA = v~ 1 {x)K for all x £ H\. 

For all a £ 7r, we define a left and a right if^-action on H a by setting, for any 
/ £ HI and a £ H a , 

f a = 0(i )Q )/(a(2,i)) and a / = /(a (M ))a( 2:Q ) . 

The next theorem generalizes |Rad94 , Theorem 3]. It is used in Section |^ to show 
the existence of traces. 

Theorem 4. Let X = (X a ) ae7r be a right n-integral for H, g — (g a )ae7r be the 
distinguished it -grouplike element of H , and v he the distinguished grouplike element 
of Hi. Then, for any a £ it and x,y € H a , 
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(a) X a (xy) = X a (S a -iS a (y v) x); 

(b) X a (xy) = X a (y Sa-iSai^ 1 g^xga)); 

(c) X a -i(S a (x)) = X a {g a x). 

Before proving Theorem f|, we establish the following lemma. 

Lemma 9. Let X = (A Q ) Qe;T be a right tt -integral for H , a € tt, and a S H a . 

(a) If A is a right integral for Hi such that Ai(A) = 1, then 

S a (a) = A a (A( lQ ,)a) A( 2:Q -i); 

(b) If A is a left integral for Hi such that Ai(A) = 1, then 

Proof. To show Part (a), let a G 7r. Define / S -ff* by /(x) = A ct (A( 1 A( 2jQ -i) 
for any x € H a . If * denotes the product in the convolution algebra Conv(iJ, H a -i) 
(see §1.2), then, for any x € Hi, 

(/*idi ?ot _ 1 )(o;) = A a (A (lia) a;(i !Q ,)) A( 2iQ! -i)a;(2, a -i) 



= A Q ((Aa;)(i, Q ,)) (Ai) (2i0 -i) by ( |l.3.h| ) 

= e(:r) A Q (A( lQ )) A( 2jQ -i) since A is a right integral for Hi 

= e(x) Ai(A) l a -i by (fXg) 

= e(x) l Q -i since Ai(A) = 1. 

Therefore, since id# _j is invertible in Conv(if, H a -i) with inverse S a , we have 
that / = S q , that is S a (a) = A a (A( l Q ,)a) A( 2 Q ,-i) for all a € Part (b) can be 
deduced from Part (a) using the Hopf 7r-coalgebra H° p (see §1.3.1). □ 



Proof of Theorem y. We use the same arguments as in the proof of | Rad94 , The- 
orem 3], even if we cannot use the duality (since the notion a Hopf 7r-coalgebra 
is not self dual). We can assume that A is a non-zero right tt- integral (otherwise 
the result is obvious). To show Part (a), let a € tt and x,y E H a . Since Ai is a 
non-zero right integral for the Hopf alge bra H* , there exists a left integral A for 
Hi such that Ai(A) = Ai(Si(A)) = 1 (cf ]Rad94| , Proposition 1]). By Lemma |(b) 
for a = S a -iS a (y v), we have that 



(4.2.a) 



S a (y J -v) = X a (S a -iS a (y J- v) A (1:Q) ) A( 2 , q ,-i). 



It is easy to verify that {y 1 A 7 ) 7Sw is a right 7r-integral for H and A 



v is a right 

v) = 1. Thus Lemma |9|(a) for a = y ■<— v 



integral for Hi such that (y 1 Ai)(A 
gives that 

S a {y J -v) = (v~ 1 X a )((A v)(i, a ) (y v)) (A ^- ^)( 2>a - 1 ) 
= ( i /- 1 A a )((A (liQ) y) v) A (2 , Q -i) by ( |l.3.b|) 
= A Q (((A (1 , Q) y) ^- i/) ^- v~ l ) A(2, a -i) 
= A a ((A (1)C() y) ^- e)A( 2 , Q ,-i) 
= Aa(A(i l0 )y)A (2>a -i) by QL.l.bD - 
Hence, comparing with ( 4.2.a| ), we obtain 

(4.2.b) A a (A (ljCt) y) A( 2)Q -i) = X a (S a -iS a (y <— v) A (1 , q) ) A (2 , Q -i). 
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Now (A 7 5' 7 -i) 7 g 7r is a right 7r-integral for _ff co P and A is a left integral for £f™ p such 
that (A 1 5 1 )(A) = 1. Thus (S^)" 1 ^-^)) = A a S a - 1 (S a - 1 1 ( I )A fta - 1) )A (1 , a) 
(by applying Lemma [Jb) for a = S~l 1 (x) G H^ op ), that is 

(4.2.c) x = A (liQ )A Q (S' Q -i(A(2, Q -i)) a;). 

Finally evaluating ( 4.2. b| ) with X a (S a -i(-)x) and using (4.2.c) gives that X a (xy) = 
X a (S a -iS a (y <— v) x). 

To show Part (b), let a £ t and a, b g £f a . For any 7 G 7r, let us define 
7 G (#° p < cop )* by 4>^{x) = A 7 -i(g 7 -ix) for all x G #° p ' cop . Using Lemma g, one 
easily checks that <jf> = (0 7 ) 7S7r is a right 7r-integral for H op,cop . Let us denote by 
x°p the multiplication of H° p _<™ p and by ^ co p the right action of (#°p< c °P)* on 
ff op,co P defined by h ^co P j = (/^,id)A™P_ 1 . Then, since v~ x is the distinguished 
grouplike element of (H° p ' cop )* , Part (a) with x — g^b and y — g~ ag a gives 
that (f> a -i(y x°p x) = Q -i(S'° p ' cop S'° p 'r op (?/ ^ cop O x°p x), that is A Q (a6) = 
XaibSa-iSa^ 1 g~ 1 ag a ) ) . 

Let us show Part (c). For any a G 7r, define Q G if* by <^ Q (:c) = X a (g a x) for 
all a; G H a . Since (</> a )ae7r and (X a -iS a ) a eir are left 7r-integrals for H which are 
non-zero (because A is non-zero, g a is invertible and S a is bijective), there exists 
tek such that 4> a — kX a ~iS a for all a G tt (by Theorem ||). As above, let A be a 
left integral for Hi such that Ai(A) = Ai(S'i(A)) = 1. Recall that e(gi) = 1. Thus 
1 = Ai(A) = Ai(e(.gi)A) = Ai(.giA) = feAi(5i(A)) = k. Hence X a -iS a = 4> a for all 
a G 7T, that is X a -i(S a (x)) — X a (g a x) for all a G tt and x G fi Q . This completes 
the proof of the theorem. □ 

The following corollary will be used later to relate the distinguished grouplike 
element of a finite dimensional quasitriangular Hopf 7r-coalgebra to the i?-matrix. 

Corollary 3. Let A be a left integral for H± and g — {g a )aen be the distinguished 
Tr-grouplike element of H. Then A( 1-Q ) ®A(2, a - 1 ) = S a ~iS a (A^ 2 ^ a ))g a <g) A( lct -i) 
for all a G it. 

Proof. We can suppose that A ^ 0. Let a G it. Remark that it suffices to show 
that, for all / G H*_ t , 

(4.2.d) /(A( 2 ,a-i)) A ( i jCe) = /(A (1:Q -i } ) S a -iS a (A {2 , a ))g a - 

Fix / G H*_ ± . Let A = (A 7 ) 7e7r be a non-zero right 7r-integral for H (see Theo- 
rem [}]). By multiplying A by some (non-zero) scalar, we can assume that Ai(A) = 
Ai(S'i(A)) = 1. By Corollary ^(b), there exists a G H a -i such that f(x) = X a -i(ax) 
for all x G H a -i. By Lenuna |(b), S a -i(a) = X a -i(aA^ la -i^)S a -iS a (A^ 2 ,a))- 
Thus 



(4.2.e) S a -i(a)g a = /(A (liQ -i ) ) S a -i S a (A (2 , a ))g a . 

Since (A 7 S f 7 -i) 7 g 7r is a right 7r-integral for H° p cop and A is a right inl 
ff° p > cop such that (AiSi)(A) = 1, Lemma |(a) applied to H°^ cop gives th 

S a -i(a) = A a ,iS , Q ,-i(aA(2 >a -i))A( 1)Q! ). 

Then 

S a -t(a)g a = A a jS , a -i(aA( 2ja -i)) A(i ja )p Q 
(4.2.f) = A a -i(ff a -iaA( 2l a-i)) A(i, Q )5a by Theorem 4(c) 
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Now, since A is left integral for Hi, 

A(i, Q )3a <E> A( 2)C ,-i)p a -i = A QjQ -i(A.gi) = u(gi)A(x, a ) <S> A( 2 , a -i). 
Therefore 

A(i, a )5a ® g a -ioA(2 )C ,-i) = A (lja ) ® ^(3i)5a- i aA (2:Q -i ) g^ 1 , 



and so, using (4.2.1) and then Theorem ^(a), 

S a -i(a)g a = A Q -i(j/(5i)g Q -iaA( 2:a -i)3~j L 1 )A (1:Q ) 

= A a -i(l/(gi) S'c.S'a-i <<- % a -iaA(3 )( ,-i}) A(i |tt ) 

Now, since g^" 1 = Sp-i{gp-i) for any /3 6 7r, g -1 = (gp 1 )pen G G{H), and i/ is an 
algebra morphism, 

Thus S a -i (a)g a = A tt -i(fl A (2 , tt -i)) A( 1)Ct) = /(A (2 , Q -i)) A (1q) . Finally, comparing 
with fl4.2.ej ), we get ( |4.2.d| ). □ 

4.3. The order of the antipode. It is known that th e order of the antipode of 
a finite dime nsiona l Hopf algebra A is finite (by [ Rad76 , Theorem 1]) and divides 
4dim^4 (by | NZ89 , Proposition 3.1]). Let us apply this result to the setting of a 
Hopf 7r-coalgebra. 

Let H — {H a } ae7r be a finite dimensional Hopf 7r-coalgebra with antipode S = 
{S a }a<£Tr- Let a G 7r of finite order d and denote by {a) the subgroup of it generated 
by a. By considering the (finite dimensional) Hopf algebra (Bp^( a )Hf} (coming 



from the Hopf (a)-coalgebra {Hp}p E / a \, as in § 1.3.5 ), we obtain that the order 
of S a -iS a G AutAig(ffa) is finite and divides 2^ j3e ^ dimif^. As a corollary of 
Theorem |J we give another upper bound for the order of S a -iS a - 

Corollary 4. Let H = {H a } ae7r be a finite dimensional Hopf n-coalgebra with 
antipode S — {S a } ae7T . Then 

(a) If a G it has a finite order d, then (S a -iS a ) 2ddlmHl = idjj a ; 

(b) If a en has order 2, then S* dimHl = id Ha . 

Before proving Corollary ||, we establish the following lemma. 

Lemma 10. Let H be a finite dimensional Hopf n-coalgebra, g — (g a ) a e-n be the 
distinguished it -grouplike element of H , and v be the distinguished grouplike element 
of H±. Then (S a -iS a ) 2 (x) — g a (y — x ^— v~ l )g~ l for all a G it and x G H a . 

Proof. Let a G tt and x,y G H a . If H a = 0, then the result is obvious. Let us 
suppose that H a ^ 0. Let A = (A 7 ) 7e7r be a non-zero right 7r-integral for H . Then 

A Q (g Q (^ x v'^g^y) 

= KiySa-iS^v' 1 g~ x g a (v -± x v~ l )9a l 9a)) by Theorem g(b) 
= X a (yS a -iS a (x <— v~ x )) 

= X a (S a -i S a (S a -i S a (x ^— v^ 1 ) v)y) by Theorem [|(a) 

= X a ((S a S a -i) 2 (x v~ x v)y) since S a -iS a is comultiplicative 

= X a ((S a S a -i) 2 (x)y). 
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Now, by Corollary ||(b), H* is a free right Ha-module of rank 1 for the action 
defined by (/ < a)(x) = f(ax) for any / S H* and a,x £ H a . Moreover A Q is a 
basis vector of H*. Thus, since the above computation says that 



we conclude that (S a -iS a ) 2 (x) = g a (y 



X a < (S a S a -i) 2 (x), 



□ 



Proof of Corollary Q . To show Part (a) , let a G n of finite order d. Consider the 
distinguished 7r-grouplike element g — (g a )aeir of H and the distinguished grouplike 
element v of H\ . Using Lemma O, one easily shows by induction that 



(4.3.a) 



{S a -iS a ) M (x)=g l a ( V l ^x<- V - l )g- 



for all x E H a and I € N. Recall that the order of a groupl ike ele ment of a finite 
dimensional Hopf algebra A is finite and divides dim A (see [ NZ89 , Theorem 2.2]). 
Therefore g\ has a finite order which divides dim Hi and v has a finite order which 
divides dim H\ = dim H\ . Now 



d dim Hi dim i/i dim i/i -i 

fa — #l(l,a) "'yi(d,ct) ~ 



li (d.a) — 1 Q — la- 



Then, for all x e H ai hy ( 4.3.a ), 

(S^S^^^ix) 

= l«(e 



d dim ifi / d dim i^i 
"a v 



e)l a 



a; - 



^— d dim i/i ^ — dim _f/i 



Hence (S , Q -iS , Q ) 2ddimHl = id ffa . Part (b) is Part (a) for d = 2, since in this case 
is an endomorphism of _ff Q . □ 



5. Semisimplicity and cosemisimplicity 

In this section, we define the semisimplicity and the cosemisimplicity for Hopf 
7r-coalgebras, and we give criteria for a Hopf 7r-coalgebra to be semisimple (resp. 
cosemisimple). 

5.1. Semisimple Hopf 7r-coalgebras. A Hopf 7r-coalgebra H = {H a } ae7V is said 
to be semisimple if each algebra H a is semisimple. 

Note that, since any infinite dimensional Hopf algebra (over a field) is never 
semisimple (see | Swc69| , Corollary 2.7]), a necessary condition for H to be semisim- 



ple is that Hi is finite dimensional. 

Lemma 11. Let H = {H a } ae7r be a finite dimensional Hopf n-coalgebra. Then H 
is semisimple if and only if Hi is semisimple. 

Proof. We have to show that if Hi is semisimple then H is semisimple. Suppose 
that Hi is semisimple and fix a € jr. Since H a is a finite dimensional algebra, it 
suffices to show that all left i? Q -modules are completely reducible. Thus let M be 
a left -Ha-module and N be a submodule of M. Since Hi is a finite dimensional 
semisimple Hopf algebra, there exists a left integral A for Hi such that e(A) = 1 
(cf [ |5wc70 , Theorem 5.1.8]). Let p : M — * N be any k-linear projection which is 



the identity on N. Let P : M — ► JV be the k-linear map defined by 
P(m) = A (liQJ ) ■ p(S a -i (A( 2 , Q -i)) • m) 
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for any m £ M, where • denotes the action of H a on M. The map P is the identity 
on N since, for any n G AT, 

P(n) = A( 1)a) • p(S a -i (A( 2) „-i)) • n) 

= A(i,a) • (^-1(^(2^-1)) • n) = (A(i, a )S' a -i(A(2 iQ ,-i))) ■ n = e(A)l a • n = n. 
Let h G P Q . Using ( |l.l.b| ) and the fact that A is a left integral for Hi, we have 

A(l, a ) ® Ap^-i) <g> /l = A a)Ct -i(e(?l(i )1 ))A) ®ft(2,a) 

= A a)Ct -i(/i(i j:l )A) <g> ft( 2)Q ) 

= ^(1,q)A(i :Q ) ® /j(2,a- 1 )A(2 iQ -i) ® /l(3,a); 

and so 

A(i, Q ) ® 5 , Q -i(A( 2iQ -i))/i 

= ^(1,q)A(i iQ ) ® S'a- 1 (^(2,a- 1 )A(2,Q-i))/l(3,a) 

= ^(i :Q )A(i :Q ) ® S , Q -i(A ( 2 !Q -i ) )S' Q -i(/i(2 :Q -i))/i(3,Q ! ) by Lemma 0(c) 
= fyi,a)e(/i(2,i)) a (i : q) ® S' Q -i(A(2,a-i))la by fll.3.cj ) 
= /iA (1>Q) ® 5 Q -i(A (2iQ -i)) by (|l.l.b|). 
Therefore, for all h G H a and m G M, 

P(/i • m) = A (1:Q) •p(5 a -i(A( 2 , Q .-i))/i • to) 

= ftA ( i ja ) ■ p(/S a -i (A ( 2,«-i)) ■m)=h- P(m). 
Hence P is P Q -linear and kerP is a P a -supplcmcnt of N in M. □ 

5.2. Cosemisimple 7r-comodules and 7r-coalgebras. Let C be a 7r-coalgebra 
and M be a right 7r-comodule over C. If {AT 1 = {A^} a67r },- e / is a family of 
7r-subcomodules of M, we define their sum by {X^fj A^} Qe7r . It is easy to see 
that it is a 7r-subcomodule of M. We denote it by Yliel This sum is said to be 
direct provided N l a is a direct sum for all a G tt. In this case J2iei will be 
denoted by © lG /iV\ 

A right 7r-comodule M = {AI a } ae7r is said to be simple if it is non-zero (i.e., 
M a ^ for some a G tt) and if it has no 7r-subcomodules other than = {0} Q6w 
and itself. 

Lemma 12. Let M be a right n-comodule over a n-coalgebra C. The following 
conditions are equivalent: 

(a) M is a sum of a family of simple tt -subcomodules; 

(b) M is a direct sum of a family of simple tt- subcomodules; 

(c) Every ir-subcomodule N of M is a direct summand, i.e., there exists a 
TT-subcomodule N' of M such that M = N © N' . 

Proof. Let us show Condition (a) =>- Condition (b). Suppose that M = J2i<=i ^ s 
a sum of simple 7r-submodules. Let J be a maximal subset of I such that Ylje J ^ 
is direct. Let us show that this sum is in fact equal to M. It suffices to prove that 
each M l (i G I) is contained in this sum. The intersection of our sum with M % is 
a 7r-subcomodule of AP, thus equal to or M\ If it is equal to 0, then J is not 
maximal since we can adjoin i to it. Hence M % is contained in the sum. 

To show Condition (b) => Condition (c), suppose that M — (Bi^iM 1 and let 
A'' be a 7r-subcomodule of M. Let J be a maximal subset of I such that the sum 
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A + ®jejM J is direct. The same reasoning as before shows this sum is equal to 
M. 

Let us show Condition (c) =>■ Condition (a). Let N be the 7r-subcomodule of 
M defined as the sum of all simple 7r-subcomodules of M. Suppose that M ^ N. 
Then M — A © F where F is a non-zero 7r-subcomodule of M. Let us show 
that there exists a simple 7r-subcomodule of F, contradicting the definition of A. 
By Theorem |l|(a), F — ® a e-nF a (where F a — F a -i) is a rational 7r-graded left 
C*-module which is non-zero. Let v £ F, v ^ 0. The kernel of the morphism of 
7r-graded left C*-modules C* — ► C*v is a 7r-graded left ideal J ^ C* . Therefore J is 
contained in a maximal 7r-graded left ideal I ^ C* (by Zorn's lemma). Then I/J is 
a maximal 7r-graded left C*-submodule of C* / J (not equal to C* / J), and hence Iv 
is a maximal 7r-graded C*-submodule of C*v, not equal to C*v (corresponding to 
I/J under the 7r-graded isomorphism C* / J — > C*v). Moreover it is rational since 
it is a submodule of the rational module F (see Theorem 1(b)). So we can consider 
the 7r-subcomodule Iv of M (see Lemma ||). Write then M = Iv © L where L is 
7r-subcomodule of M. Therefore M = Iv © L and so C*v = Iv ffi (L H C*v). Now, 
since Iv is a maximal 7r-graded C*-submodule of C*v (not equal to C*v), we have 
that L H C*v is a non-zero 7r-graded C*-submodule of F which does not contain 
any 7r-graded submodule other than and itself. Moreover L n C*v is rational 
since it is a 7r-graded C*-submodule of the rational 7r-graded C*-module F (see 
Theorem 0(b)). Finally LnC* v is a simple 7r-subcomodule of F. □ 

A right 7r-comodule satisfying the equivalent conditions of Lemma [l^ is said to 
be cosemisimple. A 7r-coalgebra is called cosemisimple if it is cosemisimple as a 
right 7r-comodule over itself (with comultiplication as structure maps). 

When 7r = 1, one recovers the usual notions of cosemisimple comodules and 
coalgebras. 

When 7r is finite, a 7r-coalgebra C = {C' a } ae7r is cosemisimple if and only if the 
7r-graded coalgebra C = © Qe „C a (defined as in § 1.3.5| ) is graded- cosemisimple (i.e., 



is a direct sum of simple 7r-graded right comodules). 

Lemma 13. Every n-subcomodule or quotient of a cosemisimple right ir-comodule 
is cosemisimple. 

Proof. Let A be a 7r-subcomodule of a cosemisimple right 7r-comodule M. Let F 
be the sum of all simple 7r-subcomodules of A and write M = F © F'. Therefore 
A = Fffi(F'nA). If F'P\N ^ 0, it contains a simple 7r-subcomodule (see the demon- 



stration of Lemma 12). Thus F' fl N = and A = F, which is cosemisimple. Now 
write M — A © A'. A' is a sum of simple 7r-subcomodules (it is a 7r-subcomodulc 
of M and thus cosemisimple) and the canonical projection M — » M/N induces a 
7r-comodule isomorphism between A' onto M/N. Hence M/N is cosemisimple. □ 

5.3. Cosemisimple Hopf 7r-coalgebras. A Hopf 7r-coalgebra H = {H a } ae7T is 
said to be cosemisimple if it is cosemisimple as a 7r-coalgebra. A right 7r-comodule 
M = {M Q } Qe7r over H is said to be reduced if, for all a £ 7T, M a — whenever 
H a = 0. 

The next theorem is the Hopf 7r-coalgebra version of the dual Maschke theorem 



(see |Swe70|, §14.0.3]). 

Theorem 5. Let H be a Hopf tt -coalgebra. The following conditions are equivalent: 
(a) Every reduced right n-comodule over H is cosemisimple; 
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(b) H is cosemisimple; 

(c) There exists a right TT-integral A = (\ a )a£Tr for H such that A Q (1 Q ) = 1 for 
some a G ir; 

(d) There exists a right it-integral A = (\ a )aeTr f or H such that A Q (1 Q ) = 1 for 
all a G 7r with H a =/= 0. 

Proof. Condition (a) implies trivially Condition (b). Moreover Condition (c) is 
equivalent to Condition (d). Indeed Condition (d) implies Condition (c) since 
H i ^ (by Corollary Q). Conversely, suppose that f3 G n is such that \p(lp) = 1. 
Let a G 7r such that £f Q ^ 0. Then A Q (1 Q ) lp-i a = (A/3 ® idfl- <3 _ la )A | g i g-i a (l Q ,) = 
A l a(l l g) l^-i Q = l/3-i Q - Now 1^-Iq 7^ by Corollary |[ Hence A Q (1 Q ) = 1. 

Let us show that Condition (b) implies Condition (d). Consider H as a a right 
7r-comodule over itself (with comultiplication as structure maps). For any a G n, 
set N a = kl a . Since the comultiplication is unitary, N is a 7r-subcomodulc of H . 
Therefore N is a direct summand of 7J (since H is cosemisimple), that is there 
exists a 7r-comodule morphism p = {p a } a £Tr : H N such that p a \N a — idjv Q for 
all a G 7T. For any a G 7r, since iV Q = kl a , there exists a (unique) k-form A Q G H a 
such that p a {h) — X a (h) 1 Q for all h G H a . Let us verify that A = {\ a )a&T! is a 
right 7r-integral for H. Let a, /3 G 7r. Since p is a 7r-comodule morphism, we have 
that 



(5.3.a) 



X af 3 l a ® 1/3 = (A Q 1 Q ® id ff(3 )A aj/3 . 



If = 0, then either ff/3 = or _ff Q /3 = (by Corollary |l|) and so \ a p 1/3 = = 
(A Q ® idff 3 )A Q!]| g. If i/ Q 7^ 0, then there exists / G H* such that f(l a ) = 1 and, by 
applying (/(grid^) to both sides of ( 5.3.a| ), we get that A Q/ 3 lp = (X a ® idjj /3 )A a]( g. 
Therefore A is a right 7r-integral for i/. Finally, let a G 7r such that 7^ 0. Then 
A a (l a )l a = Pa(la) = l a (since l a G N a ) and so Aq,(1 q ) = 1 (since 1 Q 7^ 0). 

To show that Condition (d) implies Condition (a), let M = {M a } ae7r be a 
reduced right 7r-comodule over H with structure maps by p = {p a ,0}a,0e-K and 
N = {A^ q }q, 6w be a 7r-subcomodule of M. We have to show that N is a direct 
summand of M (see Lemma |l^). Define S a : H a -i <g> H a — > k by 5 Q (x ® y) = 
A Q (S' ct -i (x)y) for all a G it. We first prove that, for any a, (3, 7 G 7r, 



(5.3.b) (idjj^ ®^a/3)(A /3) ( Q ,/3)-i ® id Ha0 ) = (<5 Q ® id^)(idij a 

Indeed, for any a; G H a -i and y G -ff a /3) 
(id Hfj ®5 af} )[A 0t{al3) -i (g> idif a3 )(a; <g> y) 

= ^(l,/3)A a /3(5'(a/3)-i (2 ; (2,(a/3)- 1 ))2/) 



5A Q ,/3). 



= X(i,p)(*>a ®idi/ /3 )A a: /3(S' (Q /3 ) -i(a; ( 2 i ( Q /3)-i))y) by ( p.l.aj ) 

= E(i,0)S/9- 1 Oc(2,/j-i))y(2,,8) A Q (S , Q -i(x( 3iQ -i))y ( i, a )) by Lemma 0(c) 

= j/(2,/3) A a (5 a -i(e(q;(i i i))x(2, a -i ))y(i, a )) by ( |l.3.d) 

= A Q (S' Q -i(a;)t/ ( i :Ct) )y(2,/3) by ( |l.l.bD 

= {S a ® id ff? )(id ffa _ 1 ®A c , )( a)(a; ® y). 

Let g : Mi — > iVi be any k-linear projection and define, for all a G ir, 

p a = (id Na ®S a )(p a ^ a -i o q (g) id^JPi.a : M Q -> 7V Q . 
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For any a, f3 S tt, using ( |2 . 1 . a| ) and ( 5.3.b ), we have 



Pa,f3Paf3 



dN a ®id Hf3 ®5o t p){{pot,P® : L&H (al3) -i)p a 0,{<xP)-l ° 9 ® ^H al3 )pi,af3 

dN a ®idH ®S a p)((id Na ®&p t ( a p)-i)p a , a -i oq®id Hccfl )pi,aP 
d Na ®(id Hfi ®8 a p){Ap^ aP )-i ®'td Hafj )){p a ^ a -i o q<S)id Haf3 )pi, a p 
dN a ®($a ® id ff(3 )(id_y _! ®A Q!/ a))(p Q , )Q ,-i og® id ffa/3 )pi iQ/3 



)id ff/3 )(idM 1 ®&-<x,p)pi,ai3 
)id Hf) ){pi, a ®id H/j )p a ,/3 



d Na ®S a ® idff / J(p„, Q -i og® id_f/ Q 
= (idjv Q ®8 a (g> id Hfi )(p a , a -t o q ® id ffcv 

Thus p = {pajaGTT is a 7r-comodule morphism between M and N. Let a £ n 
and n £ iV Q . If = 0, then N a — (since M and thus TV is reduced) and so 



p a (n) 



= n. If H a ^ 0, then 

p Q (n) = n (0:Ct) A Q (S , a -i(n (liQ -i ) )n (2iQ) ) since = idjv x 



)A Q (1 Q ) by ( PT3 ) 



by ( |2.1.b[ ) and since A a (l Q ) = 1. 



Therefore g is a 7r-comodule projection of M onto N and consequently TV is a direct 
summand of M (namely M = iV©ker q) . This finishes the proof of the theorem. □ 



Corollary 5. Let H be a Hopf ir-coalgebra. Then 

(a) // H is cosemisimple, then the Hopf algebra Hi is cosemisimple; 

(b) // H is finite dimensional, then H is cosemisimple if and only if H\ is 
cosemisimple. 

Proof. To show Part (a), suppose that H is cosemisimple. By Theorem || and 
Corollary [j], there exists a right 7r-integral A = (A Q ) Qe7r for H such that Ai(li) 
1 . S ince Ai is a right integral for H^ such that Ai(li) ^ 0, Hi is cosemisimple 
(by | Swc70| , Theorem 14.0.3]). Let us sh ow Par t (b). Suppose that H is finite 
dimensional and Hi is cosemisimple. By Swe70] , Theorem 14.0.3], there exists a 
right integral cf> for H^ such that (j>(li) = 1. By Theorem E| there exists a non-zero 
right 7r-integral A = (A a )ae7r for H. In particular, Ai is a non-zero right integral for 
H^. Therefore, since Hi is finite dimensional, there exists k £ k such that (f> — k\i 
(by !Swe70| , Theorem 5.1.6]). Thus (k\ a ) ae7r is a right 7r-integral for H such that 
fcAi(li) = 1. Hence H is cosemisimple by Theorem ||. This completes the proof of 
the corollary. □ 



Corollary 6. Let H be a finite dimensional Hopf ir-coalgebra over a field k of 
characteristic 0. Then H is semisimple if and only if it is cosemisimple. 

Proof. By Lemma O, H is semisimple if and only if Hi is semisimple, and by 
Corollary ^|(b), H is cosemisimple if and only if Hi is cosemisimple. It is then easy 
to conclude using the fact that, in characteristic 0, a finite dimensional Hopf algebra 
is semisimple if and only if it is cosemisimple (see [LR88, Theorem 3.3]). □ 
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Corollary 7. Let H be a finite dimensional cosemisimple Hopf ir-coalgebra. If 
9 = (.9a)aG7r is the distinguished n-grouplike element of H , then g = 1 in G(H), 
i.e., g a — l a for all a 6 it. Consequently, the spaces of left and right ^-integrals 
for H coincide. 

Proof. Let a G tt. If H a = 0, then g a = = l a . Suppose that H a ^ 0. By 
Theorem [| there exists a right 7r-integral A = (A 7 ) 7e7r for H such that A Q (1 Q ) = 1 
and Ai(li) = 1. Then g a = A Q (1 Q ) g a = (id ffa ®Ai)A a ,i(l ) = Ai(li) l a = l a . By 
Theorem g and Lemma the spaces of left and right 7r-integrals for H coincide. □ 

6. QUASITRIANGULAR HOPF 7T-COALGEBRAS 

In this section, we recall the definitions of crossed, quasitriangular, and ribbon 



Hopf 7r-coalgebras given by Turaev in [Tur|, and we generalize the main properties 



of quasitriangular Hopf algebras to the setting of Hopf 7r-coalgebras. 



6.1. Crossed Hopf 7r-coalgebras. Following Tut, §11.2], a Hopf 7r-coalgebra 

H = {{Ha}, A, e, S) is said to be crossed provided it is endowed with a family 

if = {ipp : H a — > Hp a f}-i } q ,/3g7t of k-linear maps (the crossing) such that 

(6.1. a) each ip@ : H a Hp a f)-i is an algebra isomorphism; 

(6.1.b) each tpp preserves the comultiplication, i.e., for all a, (3, 7 S tt, 

(6.1.c) each ipp preserves the counit, i.e., eipp = e; 

(6.1.d) if is multiplicative in the sense that tpppi — fp^pp' for all (5, [3' G 7r. 

Lemma 14. Let H be a crossed Hopf ir-coalgebra with crossing ip. Then 

(a) tpi\H a = ^H a for all a G it; 

(b) (fip 1 = ipp-i for all (3 G tt; 

(c) ip preserves the antipode, i.e., ippS a — Sp a p-iipp for all a, j3 G 717 

(d) If X = (\ a )aETr is a left (resp. right) ir-integral for H and (3 G tt, then 
{^paf3- lL Pp)a£TT is also a left (resp. right) tt -integral for H; 

(e) If g = {g a )ae-n is a-n-grouplike element of H and (3 G tt, then { l ~pp{gp~^ a p))a^Tr 
is also a ir-grouplike element of H . 

Proof. Parts (a), (b), (d) and (e) follow directly from the axioms of a crossing. To 
show Part (c), let a, (3 G tt. Using the axioms, it is easy to verify that ipp Sp a p-npp* 
idff Q = e l a -i in the convolution algebra Conv(i7, H a -i) (see § |l.2|) . Thus, since 
is the inverse of id// _ ± in Conv(H, H a -i ), we have that ip'Z 1 Sp a p-iipp = S a and 
so Sp a p-i(pp = ippS a . □ 

Corollary 8. Let H be a finite dimensional crossed Hopf n-coalgebra with crossing 
(p. Then there exists a unique group homomorphism (p : tt — > k* such that if 
A = (A a ) a£7r is a left or right n-integral for H, then \p a p-itpp = (p{[3)X a for all 
a, (3 G tt. 

Proof. Let A = (A Q ) Qe7r be a non-zero left 7r-integral for H. For any (3 G tt, since 
{Xp a p-iipp)ue-n is a non-zero left 7r-integral for H (see Lemma |lj(d)) and by the 
uniqueness (within scalar multiple) of a left 7r-integral in the finite dimensional case 
(see Theorem ||), there exists a unique (p{(3) G k* such that \p a p-npp — (p{[3)X a 
for all a G tt. Using ( |6.1.d ) and Lemma |l4], one verifies that (p : tt — » k* is a group 
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homomorphism. Since any left 7r-integral for H is a scalar multiple of A, the result 
holds for any left 7r-integral. Finally, let A = (X a )aeir be a right tt- integral for H. 
Since the antipode is bijective (H is finite dimensional), and using Lemma |l4|(d) 
and the fact that (A Q -i5' Q ,) Q67r is a left 7r-integral for H, we have that, for all 

a,f3 en, \p a p-iipp = Apap-^Spa-ip-iippS^i = ifi(f3)X a S a -iS' a } 1 = (p([3)\ a . □ 

Lemma 15. Let H be a finite dimensional crossed Hopf -K-coalgebra with crossing 
if. Let (p be as in Corollary ^. Then, for any j3 E tt, 

(a) If A is a left or right integral for Hi, then fp(A) = (p((3)A; 

(b) If v is the distinguished grouplike element of H^, then vipp = v; 

(c) If g = (g a )a<£ir is the distinguished tt -grouplike element of H , then <pp(g a ) 
</ ;,, ; for all a £ tt. 

Proof. Let us show Part (a). Let A be a left integral for H\. We can assum e 
that A 7^ (if A = 0, then the result is obvious). By Lemma [li] and flS.l.c ), 



X(pp(A) = tpp((pp-i(x) A) = (pp(etpp~i(x) A) = e{x)ipp(A) for any x E H±. Thus 
<Pp(A) is a left integral for H\. Therefore, since Hi is finite dimensional and 0, 
there exists k € k such that <pp(A) = kA. Let A = (X a ) a eiT be a non-zero right 
7r-integral for H. We have that £(/?)Ai(A) = A X (^(A)) = A x (fcA) = feAi(A). Now 
Ai(A) ^ (because A is a non-zero left integral for Hi and Ai is a non-zero right 
integral for if j* ). Hence k = (p{(f) and so (fp(A) — (p(j3)A. It can be shown similarly 
that the result holds if A is a right integral for Hi . 

Let us show Part (b). If A is a left integral for Hi, then, for all x E Hi, 
Ax = ip. j3 -i(ipp(A) tpp(x)) = tpp-i(v(<pp(x)) <fp(A)) = vipp{x) A (since (pp(A) is a 
left integral for Hi). Thus, by the uniqueness of the distinguished grouplike element 
of the Hopf algebra H^, we have that vtpp = v. 

To show Part (c), let A = (\ a )aen be a right 7r-integral for H. By Lemma |l4|(d), 
( Afl-i p ,fly>fl-i ) a g7r is also a right 7r-integral for H. Then, for any a, 7 E tt, using 
( |6.1.b[) and Lemmas || and 

(id Ha ®A 7 )A Q , 7 = <pp-i(id H/}afi _ 1 ®Xy<pp-i)A0 a i 3 -i j p 7 / 3 -npp 

= l Pp- 1 (^a~f<Pp--i-(Pl3 gpa/3- 1 ) 

= A a7 tfff-l (gpap- 1 )- 
Hence, by the uniqueness of the distinguished 7r-grouplike element (see Lemma ||), 
we have that tfp-iigpap- 1 ) = 9a and so ipp(g a ) = gp a p-i for all a £ tt. □ 

6.1.1. The opposite (resp. coopposite) Hopf n-coalgebra. Let H be a crossed Hopf 
7r-coalgebra with crossing if. If the antipode of H is bijective, then the opposite 



(resp. coopposite) Hopf 7r-coalgebra to H (see §1.3.1 and §1.3.2) is crossed with 
crossing given by tf^gop = <Pp\H a (resp. <Pp° P H ™ P = l Pi3\H a - 1 ) for all a, (3 E tt. 

6.1.2. The mirror Hopf ir-coalgebra. Let H = ({H a }, A, e, S, ip) be a crossed Hopf 



7r-coalgebra. Following [Lui, §11.6], its mirror H is defined by the following pro- 



cedure: set H a = H a -i as an algebra, A„^ = (ipp (g>idfl_ t )A 



lp- 1 a - 1 j3,/3- 



S a = <PaS a -i and fpijj — <pp\H _! ■ It is also a crossed Hopf 7r-coalgebra. 



6.2. Quasitriangular Hopf 7r-coalgebras. Following [ |Tur[ §11.3], a quasitri- 
angular Hopf 7r-coalgebra is a crossed Hopf 7r-coalgebra H = ({H a }, A,e, S, p) 
endowed with a family R = {R a ,/3 E H a ® if/3} Q ,/3Gir of invertible elements (the 
R-matrix) such that 
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(6. 2. a) for any a, (3 £ ir and x £ H a p, 

R a ,p ■ &a,p( x ) = ap, a (p a -i <S>id Ha )A af3a -^ a (x) ■ R a ,p 

where ap t0t denotes the flip Hp ® H a — » H a <g> -ffg; 
(6.2.b) for any a,(3 £tt, 

(idff Q ®A ( g i7 )(i? C[:( 3 7 ) = 7)1/33 ' (-Ra, /3)l27 

(A a>/3 ®id ff7 )(i? Q/3j7 ) = [(id ffa ®<P/3-i)(Ra,l3yl3-i)]l03 ' (P/3, 7 )a23 

where, for k-spaces P, Q and r = . Pj®qj £ P®Q, we set 7-127 = r ® 1 7 € 
P ®Q® H 1 , r a2 3 = l a ®r£H a ®P®Q and = £V Pi ® 1>9 <8 % € 

P<E>Hp<g>Q; 

(6.2.c) the family P is invariant under the crossing, i.e., for any a, /3, 7 G 7r, 

(<Pp ® <Pp)(Ra,i) = Rp a p- 1 ,pyp- 1 ' 

Note that P11 is a (classical) P-matrix for the Hopf algebra Hi. 

When 7T is abelian and ip is trivial, one recovers the definition of a quasitriangular 



7r-colored Hopf algebra given by Ohtsuki in [ Oht93 



If 7T is finite, then an P-matrix for H does not necessarily give rive to a (usual) 
P-matrix for the Hopf algebra H — ® a £-nHa (see §1.3.5). However, if the group it 
is finite abelian and if tp is trivial, then R = ^ Q o £jr R a> p is an P-matrix for H . 

Notation. In the proofs, when we write a component R a ,p of an P-matrix as 
Ra,p = a a ®bp, it is to signify that R a ,p = J2j a j ® bj for some a,j £ H a and 
dj £ Hp, where j runs over a finite set of indices. 

We now generalize the main properties of quasitriangular Hopf algebras (see 
|Dri90 |) to the setting of quasitriangular Hopf 7r-coalgebras. 

Lemma 16. Let H = ({H a }, A, e, S, ip, R) be a quasitriangular Hopf n-coalgebra. 
Then, for any a, (3, 7 £ n, 

(a) (egiidif J = la = (^H a <8>e)(P a ,i); 

(b) (S a -np a ® idHf,)(R a -\p) = R^p and ( id H a ®Sp)(R~^) = R a ,p-i; 

(c) (S a <S Sp)(R a> p) = (<p a <g> id ffa _ 1 )(ii Q ,-i )/ 3-i); 

(d) (Rp^)a23 ' (Pa, 7)1/33 ' (Ra,p)l2j 

= (Ra, /3)l2 7 ' [(idfla ®V/3- I )C^a,j870- I )]lj83 ' (-R/3, 7)023- 

Part (d) of Le mma [l6| , which is the Yang-Baxter equality for R = {R a ,p} a ,peTr: 
first appeared in Tui, §11.3]. We prove it here for completeness sake. 

Proof. Let us show Part (a). We have 

R ha = (e®id Hl ®id ff J(Ai,i®idir a )CRi l a) by (|l.l.b|) 

= (e®id Hl ®idfl- )([(idH 1 ®VJi)(i2i,a)]n ir 3-(iZi J a)w33) by fl6.2.b|) 
= (e <g> id Hl <8> id/f e ,)((i?i,a)n„3 • (-Ri,a)i„23) by Lemma ||(a) 
= (e®id Hl ®id H J((Pi, Q )i l7r3 ) • (e ® id ffl ® id ff J((Pi :Q ) l7r23 ) by ( |l.3.b| ) 
= (li <g> (e® id ff J(Pi, Q )) -Pi, Q . 

Thus li<8>(e(8)idjT Q )(Pi ;Q ) = li®l Q (since Pi, a is invertible). By applying (e®idjy Q ) 
on both sides, we get the first equality of Part (a). The second one can be obtained 
similarly. 
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To show the first equality of Part (b) , set 

£ = (m a ®id Hlj )(S a -i ®id Ha <g> id ffj3 )(A Q ,-i iQ <8> id Hja )(.Ri )/ g). 
Let us compute £ in two different ways. On the first hand, 



£ = (m a ®id Hf) )(S a - 



id 



([(idff Q _ 1 ®<p a -l)(R a -\ a pa-i)]laa • (-Ra^a"^) 

= (S a -iip a <g> id_H- /J )(i? Q -i, /3 ) • i? Q ,/3 by ( |6.2.cD . 
On the second hand, 

£ = (el a (S)idH fi ){Ri,p) by jL3^) 



by (B.2.b) 



lr 



L 



by Part (a) 



Comparing these two calculations and since R a ,p is invertible, we get the first 
equality of Part (b). The second one can be proved similarly by computing the 
expression T = (}d Ha <S>mp-i)(id Hci ®idj ; l S>Sp)(id Hoi ® A /3 -i /3 )(i?~ 1 1 ). 

Part (c) is a direct consequence of Par t (b) and L emma |l4|(a) and (c). 

Finally, Part (d) follows from axioms (|6.2.a|) and (|6.2.b| ): 

(-R/3,7)c(23 ' (-Ra, 7)1/33 ' (i?Q,^)l27 

= (-R/3, 7)023 • (id/f Q (8>A / 3 :7 )(i? a ^ 7 ) 

= (idff a ®>Rp n • A^, 7 )(ii! a , J a 7 ) 

= (idH Q ®a lt p{ip -i ® id ffj3 )A / 3 7/ 3-i )/3 • Rp il )(R cti p 1 ) 

= (idff Q ®<Ti,p(<Pp-l <8> idfl- j9 ))((i? ai/ 3) lj g 7j g-i3 ■ (-R Q)1 3 7l 3-l)l2/3) 1 (^,9,7)023 

= {R a ,p)l2j ■ [(id// Q ®^-i)(-Ra,^7/8- 1 )]l/93 ' (-R/3,7)a23- 

This completes the proof of the lemma. □ 

6.3. The Drinfeld elements. Let i? = ({H a ,m a ,l a }, A,e, S, ip, R) be a quasi- 
triangular Hopf 7r-coalgebra. We define the (generalized) Drinfeld elements of H, 
for any a G 7T, by 

u Q = m a (S a -i<p a <8>idji a )a- aiQ ,-i(JZ a , )Qt - l ) G # Q . 

Note that u\ is the Drinfeld element of the quasitriangular Hopf algebra H\ (see 
pri90| ). 

Lemma 17. For any a, (3 E it, 

(a) u a is invertible and u^ 1 — m a (idH a ®S a -iS a )<j a . a {R a . a ); 

(b) S a -iS a (ip a (x)) = UaXU^ 1 for all x G H a ; 

(c) TTie antipode of H is bijective; 

(d) <pp(ua) = up a p-i; 

(e) S'q-i (u a -i )u a — u a S a -i (u a -i) and this element, noted c a , verifies 
c a ip a -i (x) = (p a (x)c a for all x G H a ; 

(f) A a ,p(u a p) = [o-p. a {ld Hl3 ®<Pa){Rl3,a) ■ Ra.^Y 1 ' ( u a <8> Up) 



(g) <Ul) = l. 



{u a ®Up)-[<Jp t0l {tpp-i ®\d Ha ){Rp,a) ■ (Va-i (81^/3-1 )(i?c,/3)]" 
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Proof. We adapt the methods used in [Dri9C] to our setting. Let us prove Parts (a) 
and (b). We first show that for all x £ H ai 



(6.3.a) 



S a -lS a (ip a (x))u a = U a X. 



Write R a ,g- i = a a C3> b a -i so that u a = S a -i(ip a (b a -i))a a . Let x £ H a . Using 
fll.l.aD and ( |6.2.a| ), we have that 

{R a , a -i)i2a ■ (id ffcv ®A a -i jQ )A Q:1 (x) = 

{ip a -i ® id ff JA Q -i jQ ®id Ha )A 1>a (x) • (R a>a -i)i2a , 

that is a a X(i ttx ) ® b a -iX(2, a -i) ® £(3,a) = I(2,a)a« ® Va- 1 (^(i.q- 1 ))^- 1 ® ^(3,a)- 

Evaluate both sides of this equality with (id^r a ®S a -itp a ® S a -iS a Lp a ), reverse the 
order of the tensorands and multiply them to obtain 

S a ~lS a ipa(x( 3 ^ a ))S a -lipa{b a -iX(2,a' 1 )) a aX(i t a) 

= S a -lS a ip a (x( 3 ^)S a -l(pa((Pa- 1 (x(l,a- 1 ))b a --i-)x(2,a)aa- 

Now, by Lemmas 0(a) and |l4](c), the left-hand side is equal to 

Sa-i¥uS a {x^^)S a -l(p a (x(2 :Q -i))S' ce -i (^a(^a-i)) a a a; (l,Q) 
= Sa- ll Pa{x(2,a- 1 )Sa(x(3,a))) u aX(l,a) 

= S a -xip ol {e(x(2,i))l ol -x)u a x { ^ ot) by ( |l.3- c D 
= u Q e(a;(2 i i))x(i :Q ) since S Q -i<£>a(l Q -i) = 1„ 
= by ( |l.l.b| ), 

and, by Lemma |l|(a) , the right-hand side is equal to 

^a{x^. a ))S a -l(^ a {b a -i))S a -l(x^i^ a -l))x{2,a)aa 



= S a -iS a ip a (e{x^i- ) )x(2, a ))S a -i(ip a (b a -i))a a by ( |l.3.c[ ) 
= S a -iS a ip a (x)u a by ( |l.l.t| ). 

Thus ( |6Aa| ) is proven. Let us show that u a is invertible. Set 

«« = m a (id Ha ®S a -i S a )cra,a(Ra,a) 6 

By Lemma |l|(b) and Q6.2.cj ), R a . a = (id Ha ®S a -i)((p a ® Va)(-R~ 1 a -i)- Write 
= c Q ® d Q -i- Then u Q = S a -i(tp a (d a -i))S a -iS a ((p a (c a )) and a Q c a ® 
b a -id a -i = l a ® l Q -i. Now 

= »S' Q -i(^Q(rfa-i))'S'a-i'S'a(<y£ , Q(cQ))u ct 

= S , Q -i((/3 Q (d Q -i))M ct c Q by ( |6.3.a ) with a; = c Q 

= 6 , a ,-i(<^ a (d Q -i))S' Q -i(y a (6 Q ,-i))a Q c ce 

= 6' a ,-i<^ a (6 Q ,-id Q -i))a a c a by Lemma 0(a) 

= S a -iip a (l a -i))l a = l a . 

It can be shown similarly that u a u a = l a . Thus u a is invertible, u~ l = u a , and so 
S a -iS a (ip a (x)) = UaXU^ 1 for any x £ H a . 
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P art (c) is a direct consequence of Part (b). Part (d) follows from ( 6.1. a ), ( 3.1.d ), 
and ( |6.2.c| ). Let us show Part (e). For any x £ H a , 

S a -i(u a -i)u a ip a -i(x) 

— S a -i(u a -i)S a -iS a (x)u a by Part (b) 

= S a -i(v, a -t)S a -iS a S a -i(tp a -iS~-i(<pa(x)))u a by Lemma |l|(c) 

= S' Q -i(u Q -i)S , Q -i(u Q -iS , Q ;_ 1 1 (v3 Q (a;))M Q :^ L 1 )u C[ by Part (b) 

= ip a (x)S a -i(u a -i)u a since S a -i is anti-multiplicative. 

In particular, for x = u a , one gets that S a -i(u a -i)u a — u a S a -i(u a -i). 

For the proof of the first equality of Part (f), set R a ,p = ^p,a{^H e ®<Pa){Rp,a)- 

Using Lemma |l4| and ( 6.2.c ), we have also that R a ,p = &p,a{ l Pa~ 1 ®' l &H c ,){Rapa- 1 ,a)- 
We first show that for all x E H a p, 

(6.3.b) Ra,f3 ■ Ra,P ■ &a,p{x) = {<fia ® t Pp)^a,p(V(aP)- 1 (#)) ' Ra,P ' Ra.j3- 

By (IJ^), Rp 

Evaluate both sides of this equality with the algebra homomorphism erg^idij^ ®(/3 a ) 
and multiply them on the right by R a ,p to obtain 

(rp,a(idH0 ®><Pa){Rp, a ) ■ Vf3 : a{id Hl3 <8><p a )A.p ta ((p a -i(x)) ■ R a ,p 
= {VaVp- 1 ® idi?^)A / 3 Q , i a-i >ia (^ Q -i(x)) ■ ap, a {id Hl3 ®Pa)(Rp,a) • # Qll 3- 
Then, using ( |6.2.a ) and (6.1.b), one gets equality ( |6.3.b| ). Set now 

£ = Rct,P ■ Ra,P • Aa,p(Uap)- 

We have to show that £ = u a ® up. Write RapJaP)- 1 = r(E> s, R a ,p = a a ®bp, and 
R a ,p = c a <g> dp. Then u a p = S( a p)-i(if a p{s))r = (f a pS^-i(s)r. We have that 

£ = R<x,P ■ Rot,p ■ ^a,p{V>apS( Jx p)-i{s)r) 

= R a jj ■ R a ^p ■ A a , ? (^5( a/3 )-i(s)) • A Qij g(r) by ( |l.3.b| ). 
Therefore, using ( IQlbD for £ = (p a pS( a p-)-i(s) and then Lemmas [l](c) and |l4|(c) , 

£ = (Va ® ' A a ,p(S( a/ 3)-i (s)) • i? a:(3 • i? Qi/3 • A a ,p(r) 

= (tp a (g> ipp)ap :a (Sp-i (g) 5 a -i)A r i :tt -i(s) • R a< p ■ R a ,p ■ A Qj/3 (r) 
= faS a -i(s^, a -^))c a a a r^ >a ) <g> ippSp-i(s^ !0 -^)dpbpr^,p) 
= S a -np a {s(2, a -i))c a a a r (lja) ® Sp-i(pp(s (lt p~i))dpbpr (2y py 
Now ff Q ® i?,3 is a right H a (g> Hp(g> H a -i ® #5 



-module under the action 



/i 3 (gi ft 4 ) = 5 Q ,-i(y Q (/i 3 ))a;/ii (g) Sp-i(<pp(h 4 ))yh 2 . 



Then 



C Q ® «" a Q r(l :Q ) ® fc/3?'(2, Q - 1 ) ® s (2,q-!) ® S (1,P~ 1 ) 

Ra,P «~ (-Ra,/3)l2Q- 1 /3- 1 1 ( A Q ,/3 <g> CTg-i a -i Ap-i Q -i ) (R a p,( a p)-^ ) 

R a ,P «- (-Rq,/3)i2q- 1 /3- 1 ■ (A Q ,/3 ® idif Q _ 1 ® idfl-^-i ) 

) lQ -i 3 ) by ( pH ) 

R a ,P «~ {Ra^Ua-ip- 1 ■ (A a ,/3 ® idff Q _! ®id// ( , 3 _ 1 )((i? Q/ 3 iQ -i)i2 / 3-i) 

■ (A a)/3 <g> idi ?a _ 1 ®idi? 1 )((-R Q , / 9, 1 a-i)i Q ,-i 3 ) by fll.3.b| ). 
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For any Ik-spaces P, Q and any x — J2j Pj^Qj e P®Q, we set x\2 a p = x® l a ® lp 6 
P®Q®H a ®Hp, x a 2f)A = J2j la®Pj ®lp®qj € H a ®P®Hp®Q, etc. Therefore, 



by (6.2.b) and Lemma [16|( 

£ = Ra,/3 «- {Ra,p)l2a~ 1 p~ 1 ' [(^H a ®^>p- 1 ) {R<x, 0a~ 1 P~ 1 )] 1/33/3- 1 

• (R/3,a~ 1 )a23/3~ 1 ' [(idff Q ® 1 ) (Ra,/3~ 1 )] 1/3 a" 1 4 ' (Rp.p- 1 )a2a~ 1 i 
= Ra.fi «- {Rf3,a- 1 )a23f3- 1 ' (^u.a- 1 )l/33/3-! ' (Pa,/3)l2 Q - 1 /3- 1 
■ [(idff Q ® l y : '/3- 1 )(-Ra ) /3- 1 )]l/3ct- 1 4 1 (-R/3,/3" 1 )a2a-M- 

Write i?/3, a = ep ® fa and Rp t0l -i = gp ® h a -i . Then i? Qj( 3 = (p a (f a ) ® and so 

Pa,/3 «- (-R/3,Q~0a23/3-i 

= S a -i(ip a (h a -i))ip a (f a ) ®epgp 

= trp, a (idHe ®VaS a -i)((id H p QS^JiRfca) • Rp >a -i) by Lemma |l|(c) 
= o-p ta (id Hff QpaSa-i^Rp^i ■ Rp, a -i) by Lemma |l6|(b) 
= 1 Q ® 1/3- 
If we write P QjQ -i = m a ® n a -i, then 

la ® 1/3 «- (P^a-Ola^^- 1 = Sa-'^k-'K ® 1/3 = U Q (g) 1^. 

Therefore 

£ = U a ® lp «- {R a ,p)l2a- 1 p- 1 ■ [(idi? Q 8></3 | 8-i)(-^a, i a- 1 )]l^a!- 1 4 ' {Rp,p- 1 )a2a- 1 4- 

Write now R aj p-i = p a ® Ip- 1 - Then 

U a ® 1/3 «- (-Ra,/3)l2a-i/3-i ' [(id# Q ®^8-l ) (R a ,p-1 )] I/Jq-M 

= u a a a p a ® Sp-i(qp-i)bp 

= (u a ® 1/3) • (id ffo ®S , /3 -i)((id ffa ®S'^ 1 1 )( J Ra,/3) • P a ,/3-i) 

= (tt a ® 1/3) • (id ffa ^Sp-^iR^-! ■ R a ,p-i) by Lemma |l|(b) 

= u a ® 1/3. 

Hence £ — u a ® lp «- (Rp 8- 1 )a2a- 1 4,- Finally, write Rp p-i = xp ® yp-i- Then 
£ = u a ® Sp-i(tpp(yp-i))xp = u a ® up. This completes the proof of the first 
equality of Part (f). Let us show the second one. Using the first equality of Part (f) 
and then Part (b), we have 

&a,p(Uap) = [0"/3 : a(id ff/3 ®(fi a ){Rp,a) ' Ra.pY' 1 ' (u a ® Up) 

= (U a ® Up) ■ ((fia-liSa-lSa)' 1 ® (fg- 1 (Sp- 1 S p) _1 ) 
[[ap >a (id Hfi ®<Pa){Rp,a) ■ Ra^}' 1 ), 

and so, by Lemmas [l4| and |l6|(c), 

Aa,p(Ua>p) = (U a ® Up) ■ [crp, a (Vp-i ® idff a ) (Rp,a) ' (fa' 1 ® Pp^ 1 ) (Ra,p)] ~* ■ 

It remains to show Part (g). We have 

ui = (e®id Hl )Ai J i(ui) by (|l.l.lj ) 

= (e®id Hl )((a 1A {R 1A ) ■ ' («i by Part (f) 

= (e®id Hl )(iJ ll i)- 1 -(idfl- 1 ®e)(i2 ll i)- 1 -e(tti)ui by (|L1b|) 
= e(u\)ux by Lemma |l6|(a) . 



32 A. VIRELIZIER 

Now u\ ^ since u\ is invertible (by Part (a)) and H\ ^ (by Corollary]]]). Hence 
e(ui) = 1. This finishes the proof of the lemma. □ 

6.3.1. The coopposite Hopf n-coalgebra. Let H be a quasitriangular Hopf 7r-coalgebra 
with i?-matrix R = {R a .(i}a,i3GTr- By Lemma |l7|(c), the antipode of H is bijective. 
Thus we can consider the coopposite crossed Hopf 7r-coalgebra H cop to H (see 
§ 6.1.1 ). It is quasitriangular by setting 

R C Z = (Va®idH j9 _ 1 )(iJ-l lj/J _ 1 ) = (S^idH^R^-r). 

The Drinfeld elements of H and H cop are related by u c ° p = u_ x . 

6.3.2. The mirror Hopf ir-coalgebra. Let H b e a q uasitriangular Hopf 7r-coalgebra 
with i?-matrix R = {R a ,f3}a,f3eir- Following [Tur, §11.6], the mirror crossed Hopf 
7r-coalgebra H to H (see § |6.1.2j ) is quasitriangular with i?-matrix given by 

Ra,f3 = Of3-l^ a -l(Rp ] : 1 a -i)- 

The Drinfeld elements associated to H and H verify u a = S a (u a ) ■ 

Corollary 9. Let H be a quasitriangular Hopf ir-coalgebra. For all a G n, set 

i a = S a -i(u a -iy 1 u a = u q S , q -i(m q -i) _1 G H a . Then 

(a) £ = (£ a )aeir is a ir-grouplike element of H; 

(b) (S a -iS a ) 2 (x) = £ a x£~ 1 for all a G ir and x G H a . 

Proof. Let us show Part (a). Denote by u a the Drinfeld elements of the mirror 
Hopf 7r-coalgebra H to H (see § 6.3. 2j ). Since u a = S^Ua)^ 1 , Lemma |T^(f ) applied 
to H gives that, for any a, (3 G 7r, 

Aa,(j(S( a( 3)-i(l( a /3)-i) _1 ) = C-fjAVp- 1 ®id Ha )(R/3,a) 

■ ((fi a -i ® (pp-i)(R a ,p) ■ (^-i^-i)" 1 <g> S^-l^-l)" 1 ). 

Now, by Lemma |l7|(f) , 

& a ,f}{u a f3) = (u a (g) Up) ■ [ap ta (ip -i ® id Ha )(R/3,a) • (ip a -i ® ^ /3 -i)(i? Qi/3 )] _1 . 

Thus we obtain that A Qj/3 (^ Q/3 ) = A aj p(u a p) ■ A Qi(3 (S , ( ct/ 3)-i (u (q/3 )-i = £ « 8> lp . 
Moreover e{l x ) = e(uiS'i(u 1 )- 1 ) = e(ui)e(Si (ui))" 1 = e^e^i)" 1 = 1 by ( p3!b| ) 
and Lemma 0(d). Hence £ = (£ a )ae-K G G(H). 

To show Part (b) , let a G n and x G H a . Applying Lemma [l7](b) to H and then 
to H gives that 

(S a -iS a ) 2 (x) = S a -iS a (S a -i(u a -i)~ 1 ip a (x)S a -i(u a ~i)) 

= S a -iS a (S a ~-i(u a -i)~ ) S a -iS a ((p a (x)) S a -iS a (S a -i(u a -i)) 
= u Q S , Q -i(u Q -i)~ 1 a;S' C[ -i(u ce -i)u^ 1 
= £ x£~ 1 

This completes the proof of the corollary. □ 

6.3.3. The double of a crossed Hopf ir-coalgebra. The Drinfeld double construction 
for Hopf algebras can be extended to the setting of crossed Hopf 7r-coalgebras, see 
|Zun ,. This yields examples of quasitriangular Hopf 7r-coalgebras. 
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6.4. Ribbon Hopf 7r-coalgebras. Following Tui , §11.4], a quasitriangular Hopf 
7r-coalgebra H — ({H a }, A, e, S, ip, R) is said to be ribbon if it is endowed with a 
family 9 — {9 a € H a } ae7r of invertible elements (the twist) such that 

(64. a) tpa(x) — 6~ x6 a for all a G tt and x G H a ; 
(6.4.b) S a (0 a ) = 9 a -i for all a G tt; 
(64. c) ipp{6 a ) — 9 /3a/3 -i for all a, 6 tt; 
(6.4. d) for all a, (3 G tt, 

& a ,p(Qa0) = (8a ® ^/3) ' C/3,a((</>a-i ® idff Q )(^ a -i,a)) ' #a,/3- 

Note that #i is a (classical) twist of the quasitriangular Hopf algebra Hi . 

Lemma 18. Let H = ({H a }, A, e, S, (p, R, 9) be a ribbon Hopf ir-coalgebra. Then 

(a) (p a -i(x) — 9 a x9~ 1 for all a S tt and x G H a ; 

(b) <(«;; 1: 

(c) If a E tt has a finite order d, then 9^ is a central element of H a . In 
particular 9\ is central; 

(d) 9 a u a — u a 9 a for all a G tt, where the u a are the Drinfeld elements of H . 



Proof. Part (a) is a direct consequence of (6.4. a), (6.4. c), and Lemma |l4|. Let us 
show Part (b). We have 



9 1 = (e<8id Hl )A u (fli) by (|lTb|) 

= {e®id. H i){{8\ ®0x) • 0-1,1(^1,1) • by ( |6.4.d| ) and Lemma p4|(a) 

= (e<8id Hl )(6i®e 1 )-(id Hl (gie)(iei,i)-(e(8idH 1 )(i2i,i) by (p^) 
= e(6' 1 )6'i by Lemma |l|(a). 

Now 9\ ^ since it is invertible and Hi ^ (by Corollary 0). H ence e (6>i) = 1. To 
show Part (c) , let a G tt of finite order d. For &ny x € ) using ( |6.1.d|) , Lemma [lj 
and ( 6. 4. a ), we have that x = </?i(x) = p a d{x) = <pt( x ) — Oa dx @a and so 9'Lx = x9^. 
Hence 9^ is central in H a . Finally, let us show Part (d). Using Lemma 0(d) and 
( 3. 4. a ), we have that u a — <p a {u a ) — 9~ 1 u a 9 a , and so 9 a u a = u a 9 a . □ 



For any a G tt, we set 



Lemma 19. Lei -ff = ({i? a }, A, e, S", y>, i?, 0) be a ribbon Hopf ir-coalgebra. Then 

(a) G = (G Q ) ae7r is a ir-grouplike element of H; 

(b) (pp(G a ) = Gp a p-i for all a, (3 G tt; 

(c) S a (G a ) = G~\ x /or all a G 717 

(d) 9~ 2 = c a for all a G tt, where c a = S a -i(u a -i)u a = u a S a -i(u a -i) as in 
Lemma [T^ e J; 

(e) S a {u a ) = G~l 1 u a -iG~l 1 for all a G tt; 

(f) S a -iS a {x) — G a xG~ l for all a G tt and x G H a . 
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Proof. Let us show Part (a). Firstly e(Gi) = e(6xui) = e(6 i)e(u\) = 1 by Lem- 
mas |l|(g) and ||(b). Secondly, for any a, (3 G tt, using (|6.4.d| ) and Lemma 0(f), 



A Q , i( g(0 ct( 3M Q( g) 
Aq,/3(^q/3) ' A Q:/ 3(u a/ 3) 

(9 a <8> Op) ■ [a^ a ((<p a -i <8>id Ha )(R a p a -i, a )) ' #e»,/S] 

' [0~(3,a ((y Q -i ® id ffQ )(i? a(3a -i jCt )) • R a ,p] 1 ■ (u a (g> up) 
G a <8> G^. 



Thus G = (G Q ) Qe7r G G(H). Part (b) follows directly from Lemma 17(d) and 
( 5.4.c|), an d Part (c) from the fact that G is a 7r-grouplike element. By Part (c) 
and (|6.4.b|), 6~ 2 = ^G^ 1 = u a S a -i (G Q -i )@&^ = u^-ij^t^-i)^ 1 = c a 
and so Part (d) is established. Let us show Part (e). By ( |6.4.b| ) and Part (c), 
G~-iU a -i = SaiO^ 1 ) = SaiG^Ua) = S a (u a ) S a (G a ) _1 = S a (u a )G a -i. Therefore 
S a {u a ) = G~}: 1 u a -iG~\ l . Finally, to show Part (f), let x G H a . Then, using Lem- 



mas |T^(b) and |l^(a), S a -iS a (x) = u a ip c 
This completes the proof of the lemma. 



i(x)u Q 1 



□ 



6.4.1. The coopposite Hopf tt -coalgebra. Let H be a ribbon Hopf 7r-coalgebra with 
twist 6 = {0 a }a£ir- The coopposite quasitriangular Hopf 7r-coalgebra H cop (see 



3.1) is ribbon with twist 05°p = 0~ 



6.4.2. The mirror Hopf tt -coalgebra. Let H be a ribbon Hopf 7r-coalgebra with twist 
= {Qa}ae-n- Following [Tui, §11.6], the mirror quasitriangular Hopf 7r-coalgebra 
H (see § |6.3.2| ) is ribbon with twist 9 a = 0~~t- 

6.5. The distinguished 7r-grouplike element from the i?-matrix. In this 
subsection, we show that the distinguished 7r-grouplike element of a finite dimen- 
sional quasitrian gular H opf 7r-coalgebra can be computed by using the i?-matrix. 
This generalizes | Rad92 , Theorem 2]. 



Theorem 6. Let H be a finite dimensional quasitriangular Hopf tt -coalgebra. Let 
g = {g a )aeir be the distinguished ir-grouplike element of H , v be the distinguished 
grouplike element of HI, I = (£ a ) a eTT G G(H) be as in Corollary ^, and (p be as in 
Corollary^. We define h a = (id# Q ®i / )(i? Q ,i) for any a G tt. Then 

(a) h = (ft. Q ) a g7r is a ir-grouplike element of H ; 

(b) g = (p~ x lh in G(H), i.e., g a — tp(a)~ 1 £ a h a for all a G tt. 



Proof. We adapt the technique used in the proof of [Rad92. Theorem 2]. Let us 



first show Part (a). For any a, (3 G tt, using ( 6.2.1: ), the multiplicativity of v, and 
Lemma |l5|(b), we have that 

&> a ,p{h a p) = A Q , ii a(idH a/3 ®h>)(R a p,i) 

= (idff Q ®id ff(3 ®v){[(id Ha ®<Pp-i)(R a ,i)]if33 • (#/3, 1)^23) 
= ((idffc. ® v ^Pf3- 1 )i.Ra,i) ® la) • (1« ® (id^ ®v){Rp,x)) 
= {{iA Ha ®v){R a ,i)^lp)-(l a ®hp) 
— h a (g) hp. 

Moreover, using Lemma |l6|(a) , e{hi) = [e ® v){Ri,i) = v{l\) = 1. Thus h G G(H). 
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To show Part (b), let a £ it and A be a non-zero left integral for Hi. We first 
show that, for any x G H a -i, 



(6.5.a) 
and 
(6.5.b) 
Indeed 



A(i, a ) ® arA( 2 ,a-i) = S a -i (x)A (1 , a) <8> A (2 , a -i) 

A (1)a -l)iC ® A( 2 ,a) = A(i ja -i) <8> A( 2:Q )S' Q -i (x <<- !/). 



A(l, a ) 8) xA( 2 ,a.-i) 

= A(i >a ) (S) x ( 2 )Q; -i)A(2 >a -i) by fll.l.tQ 

= S , Q -i(x(i iQ -i))x(2, Q )A (liQ ) ® x (3ia -i)A(2, a -i) by fll.3.d) 

= 5' Q -i(x (1 ^-i ) )(x (2!l) A) (liQ) ® (x(2,i)A)( 2iQ -i) by ( |l.3.b| ), 

and so, since A is a left integral for Hi, 

A(i,a) ® xA (2>a -i) = 5 , Q -i(x( liQ -i)e(x( 2i i)))A( 1:Q ) ® A (2jQ -i) 
= S' a -i(x)A (lia) ®A(2, a -i) by ( |1 l.b| ). 

Similarly, 

A(l, a -i)X ® A (2iQ -i) 

= A (lia -i)X (1 , a -i) ® A (2)a )e(x( 2 ,i)) by ( |l.l.bD 

= A (1:Ct -i)X (1:Q -i) ® A(2, Q )X(2, Q )5 Q: -i(x(3 iQ ,-i)) by (|l.3.cj) 
= (Ax ( i ) i))( 1)a! -i) <g> (Ax (1)1 ))( 2>a )S' a ,-i(x(2 iQ: -i)) by ( |1.3.b| ), 

and so, since A is a left integral for Hi, 

A(i :Q -i)X® Ap^-i) = A (lQ -i ) ® A (2iQ )5 Q -i(z/(x (14) )x (2iCt -i ) ) 
= A (1)a -i) ® A(2 ja )S' Q ,-i(x ^- j/). 

W rite R a _ a -i — a a ®b a -i. Recall that u a = S a -np a (b a -i)a a - By Lemma |l^(c) 
and ( 6.2.c ), R a -^, a — S a (a a ) <S> ip a S a -i(b a -i). Thus u a -i = S a S a ~i(b a -i)S a (a a ) 
and so, using Lemma 0(b) and (d), S a -i(u a -i) — S'~ 1 (u Q -i) = a a S a -i(b a -i). 
Then 

^(2, a )S a -i(ifi a (b a -i) *- v)a a ®A( 1)a -i) 



= A( 2 , a )a a <8> A(i )Q ,-i)^ q (&qi-i) by (|6.5.b| ) for x = y a (6 a -i) 

= (id/f Q <X)^ Q )(A(2 iQ )a Q <g> ^ Q - I (A( 1)C ,-i))6 Q - I ) 

= (id Ha ®ip a )(a a A {ha) ®b a -iA {2 a -i ) ) by ( |6.2.a| ) 

= (idn a ®y> a )(a a S r a -i(6 c ,-i)A( 1)Q ) ® A( 2 , a -i)) by ( |6.5.a| ) for x = b a -i 

= 5' Q ,-i(u Q -i)A (lja ) <g> y» a (A( 2iQ ,-i)) 

= (^q-i ®idff a _ 1 )(<y3 Q S' Q -i(u Q -i)<y9 a (A (liQ) )(8)V3 Q (A ( 2 :Q -i))) by ( |6.1.d[ ) 

= (Va- 1 ® id# J(9J a S a -i(u a -l)p a (A)(i )a ) ® <p a (A)( 2 ,a,-i)) by dS-l-bj ). 



Now V3 Q (A) = ^(a) A by Lemma 15 [a) and 

A(i,«) ® A( 2 , a -i) = S a -iS a (A-(2,a))9a <8 A( ljCe -i) 
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by Corollary || Therefore 

= ^OM^a-i ®idff a _ 1 )(yQ5 Q -i(u Q -i)5 Q -i5 Q (A( 2iQ; ))g Q ® A (lja -i)) 

= Sa-i (M a -i)ip a -iS a -i5 a (A (2:a ))^ a -i (j a ) <g) A (lia -i) 

= <fi(u) S a -i(u a -i)(p a -iS a -iS a (A (2 , a ))g a <Z) A^^-i) by Lemma [jj|(c). 

Let A = (A 7 ) 7e?r be left 7r-integral for H such that Ai(A) = 1 (see the proof of 
Corollary ||). Applying (id^ Q ®A a -i) on both sides of the last equality, we get 

A a -l(A( 1)Q! -i)) A-(2 ta )S a --L((p a {b a -i) ")«a 

= -S' Q - 1 (u a - 1 ) ( PQ- l5 'Q- 1 '5'a(^a- 1 (A(i iQ -i)) A(2 :Q ))3 Q , 

and so, since A Q -i (A( liQ -i)) A( 2 , a ) = Ai(A)l a = l a , 

(6.5.c) 5 a -i(^ Q (6 Q -i) ^- ^)a Q = S a -i(u a -i)g a . 

Write R a ,i — c a ® d\ so that ft. Q = v(d\)c a . Since, by ( |6.1.b ) and Lemma |T^(b), 



fa(x) v = (f a {x v) for all x G H a -i , we have that 
a a ® <p a (b a -i) v — a a ® ip a (b a -i v) 

= (idff„ ®v ® ^ a )(id ffQ ®A 1)Q( -i)(i2 a)a -i) 

= (idff Q ®f ® <Pa)((R a , a -l)li v 3 ■ (-Ra,l)l2a-i) by ( |6.2.b| ) 

= o a i/(di) c Q ® ^(^a- 1 ) 
= a a h a (g> ip a (b a -i). 

Therefore S a -i (<p a (b a -i) v)a a = S a -i(p a (b a -i))a a h a — u a h a . Finally, com- 



paring with ( 6.5.c ), we get 0(a) S a -i (u a -i )g a — u a h a . Hence g a — 0(a) 1 £ a h a , 



since l a = S a -i(u a -i) 1 u a . This finishes the proof of the theorem. □ 

Corollary 10. Let H be a finite dimensional ribbon Hopf n-coalgebra. Let g — 
(<7a)ae-!r be the distinguished ir-grouplike element of H , h = (h a ) ae7r G G(H) as in 
Theorem^ G = (G Q ) Qe7r G G(H) as in Lemma^^ and as in Corollary^. Then 
0g = G 2 h in G(H), i.e., 0(a)g a = G 2 a h a for all a G it. 

Proof. For any a G n, 0(a)g a = S a -i(u a -i) u a h a = Q 2 a u 2 a h a — G 2 a h a by Theo- 
rem [|(b) and Lemma ^(d). □ 

7. Existence of 7t-traces 

In this section, we introduce the notion of a 7r-trace for a crossed Hopf 7r-coalgebra 
and we show the existence of 7r-traces for a finite dimensional unimodular Hopf 
7r-coalgebra whose crossing ip verifies that 0=1. Moreover, we give sufficient 
conditions for the homomorphism to be trivial. 

7.1. Unimodular Hopf 7r-coalgebras. A Hopf 7r-coalgebra H = {H a } ae7T is 
said to be unimodular if the Hopf algebra Hi is unimodular (it means that the 
spaces of left and right integrals for H\ coincide). If Hi is finite dimensional, then 
H is unimodular if and only if v = e, where v is the distinguished grouplikc clement 
of H{. 

If 7r is finite, then a left (resp. right) integral for the Hopf algebra H = © Qe7r if a 



(see § |l.3.5D must belong to Hi, and so the spaces of left (resp. right) integrals for 
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H and Hi coincide. Hence, when tt is finite, H is unimodular if and only if H is 
unimodular. 

One can remark that a semisimple finite dimensional Hopf 7r-coalgebra H = 
{Hc^afzn is unimodular (since the finite dimensional Hopf algebra H\ is semisimple 
and so unimodular) . Note that a cosemisimple Hopf 7r-coalgebra is not necessarily 
unimodular. 



7.2. 7r-traces. Let H = ({H a }, A, e, S, <p) be a crossed Hopf 7r-coalgebra. A 
ir-trace for H is a family of k-linear forms tr = (tr Q ) Q£7r G n^g^if* such that, 
for any a, (3 6 tt and x, y £ H a , 

(7.2. a) tr a (xy) = tr a (yx); 
(7.2.b) tr a -i(S Q (a:)) = tr Q (x); 
(7.2.c) tr^-i^^)) = tr Q (x). 

This notion is motivated mainly by topological purposes: 7r-traces are used 



in [Vir] to construct Hennings-like invariants (see |Hen96, KR95|) of principal 
7r-bundles over link complements and over 3-manifolds. 

Note that tri is a (usual) trace for the Hopf algebra Hi, invariant under the 
action tp of tt. 



In the next lemma, generalizing [Hen96, Proposition 4.2], we give a characteri- 
zation of the 7r-traces. 

Lemma 20. Let H = {H a } ae7r be a finite dimensional unimodular ribbon Hopf 
n-coalgebra with crossing if. Let A = (A Q ) QeTr be a non-zero right tt -integral for 
H, G — (G a ) a £,r G G(H) be as in Lemma and tp be as in Corollary |^. Let 
tr = (tr a ) ae7r G TlafzirH^. Then tr is a ir-trace for H if and only if there exists a 
family z = (z a ) ae ^ G n QeT 7? a satisfying, for all a, (3 G tt, 

(a) tr a (x) — X a (G a z a x) for all x G H a ; 

(b) z a is central in H a ; 

(c) S a (z a ) = tp(a)~ 1 Z a -i; 

(d) ipp(z a ) = <p(0)zp a p-i. 

Proof. We first show that, for all a G 7r and x, y G H a , 
(7.2.d) X a (G a xy) = X a (G a yx), 

and 

(7.2.e) tp(a)X a -,(S a (x)) = X a (G 2 a x). 

Indeed, let v be the distinguished grouplike element of H{. Since v = e (H is 
unimodular), Theorem ||(a) gives that X a (G a xy) — X a (S a -i S a (y) G a x). Now, by 
Lemmagf), S a -iS a (y) = G a yG~\ Thus X a {G a xy) = X a {G a yx) and (|7.2.d| ) is 



proven. Moreover, Corollary |10| gives that tp(a)g a — G\h a , where g = ($0)0.^ 
is the distinguished 7r-grouplike element of H and h a — (id^ Q ®v)(Ra,i). Since 
v = e and by Lemma |l6|(a), h a = (id# Q ®e)(R a .i) — l a . Thus !p(a)g a = G 2 a . Now 
A a -i ( 5 a (a;)) = X a (g a x) by Theorem |](c). Hence tp(a)X a -i (S a (x)) = X a (Gl l x) and 
( 7.2.c| ) is proven. 
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Let us suppose that there exists z = (z a ) ae7r £ n ae7r ii Q verifying Conditions (a)- 
(d). For any a, (3 £ ir and x, y £ H a , 

tr a (xy) = X a (G a z a xy) by Condition (a) 



= X a (G a yz a x) by ( |7.2.d[ ) 

= X a (G a z a yx) since z a is central 
= tr Q (ya;) by Condition (a), 

tr a -i(S a (x)) 

= \ a -i(G a -iz a -iS a (x)) 

= (p(a)\ a -i(S a (G~ a 1 )S a (z a )S a (x)) by Condition (c) and Lemma |l9|(c) 
= (p(a)\ a -i{S a (xz a G~ 1 )) by Lemma ^](a) 



= A Q (G>z Q G- 1 ) by QJM ) 

— X a (G a z a G a xG~ 1 ) since z a is central 

— tr Q (G Q ,a;G Q , 1 ) 

= tr Q (.T) since tr Q is symmetric, 

and 

= ^/3a0- 1 (G0af3- lZ 0al3- ll Pl3( x )) 

= (plft)^ 1 Xp a p-i((pp(G a )(pp(z a )(pi3(x)) by Condition (d) and Lemma [l9| 
= <?((3)~ 1 >'t3 a f3- 1 ( ( Pt3(G a z a x)) 
= (p{p)-^{p)\ a {G aZot x) byCorollary| 
= tr Q (x). 

Hence tr is a 7r-trace. 

Conversely, suppose that tr is a 7r-trace. Recall that if* is a right ii Q -module 
for the action defined, for all / £ H* and a, x £ H a , by 

(/ *~ a){x) = f(ax). 

By Corollary ||(b), (H*,^) is free, its rank is 1 (resp. 0) if H a ^ (resp. H a = 0), 
and A Q is a basis vector for H*. Thus, for any a £ n, there exists w a £ H a such 
that tr Q = A Q ■<— w a . Set z a = G^Wa- Let us verify that the family z = (z a ) ae7r 
verify Conditions (a)-(d). By the definition of z a , Condition (a) is clearly verified. 
Let a £ it and x £ H a . For any y £ H a , 

(X a ^— G a z a x)(y) — X a (G a z a xy) 

= tr a (xy) 

= tr a (yx) by ( gjgTg ) 

= X a (G a z a yx) 



= X a (G a xz a y) by ( [7.2.d[) 

= (X a G a xz a )(y). 

Therefore X a G a z a x — X a G a xz a . Hence G a z a (since A Q is a basis 

vector for (if*,-*— )) and Condition (b) is then verified. Let a £ ir. 
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For any x € H a , 

(\ a -i G a -iS a (z a ))(x) 
— ^ a - 1 (G a -iS a (z a )x) 

= X a -i(S a (S- 1 (x)z a G- 1 )) by Lemmas |(a) and ||(c) 
= (p(a)- 1 X a (G 2 a S- 1 (x)z a G- 1 ) by (f^j) 



= ^(cx) 1 A Q (G'a2 a S' ct by ( 7.2.d ) and since z Q is central 

= ^(a)" 1 ^-!^) by 

= (A Q -i ^- G Q -i^(a) _1 z Q -i)(x). 

We conclude as above that S a {z a ) = 0(a)~ 1 z a ~i, and so Condition (c) is satisfied. 
Finally, let a, (3 6 7T. For any x S 

(A a ^- G a (p{f})(pp-i{zp a p-x)){x) 

= 0(0K(G a ip/3-i(Zp a/ }-i)x) 

= Xp a p-i<pp{G a <pfi-i{z^-i)x) byCorollary| 
= Xpap-iiGpap-iZpap-itppix)) by Lemma |l|(b) 



= tr a (x) by ( |7.2.c| ) 

= (A Q G a z a )(x). 

Thus <p(f3)tpp-i(zp a p-i) = z a and so (pp(z a ) = tp(fl)zp a p-i. Hence Condition (d) 
is verified and the lemma is proven. □ 

In the setting of Lemma constructing a 7r-trace from a right 7r-integral A = 
(A Q ) Q £7i- reduces to finding a family z = (z tt ) aei which satisfies Conditions (b)-(d) 
of Lemma Let us give two possible choices of the family z. 

Let A be a left integral for Hi such that Ai(A) = 1. Set Z\ = A and z a = if 
a 7^ 1. This family z — (z a ) aElr verifies Conditions (b)-(d) (since H is unimodular 
and so A is central and Si (A) = A, and by Lemma |l5|(a)). The 7r-trace obtained is 
given by tri = e and tr Q = if a =/= 1. 

If the homomorphism of Corollary [8] is trivial (that is 0(a) = 1 for all a£i), 
then another possible choice is z a = l a . In the two next lemmas, we give sufficient 
conditions for the homomorphism to be trivial. 

Lemma 21. Let H be a finite dimensional crossed Hopf ir-coalgebra with crossing 
ip. If H is semisimple or cosemisimple or if '^81 Hi = id^ for all /3 6 7r, then = 1. 

Proof. Let f3 £ 7T. If is semisimple, then i/i is semisimple and thus there exists a 
left integral A for Hx such that e(A) = 1 (by flSwe70| , Theorem 5.1.8]). Now ^(A) = 
0((3)A by Lemma ga). Therefore, using (js.l.cD , 0(0 = 0(0)e(A) = e(0(0)A) = 
e(pp(A) = e(A) = 1. Suppose now that H is cosemisimple. By Theorem 0, there 
exists a right 7r-integral A = (A a ) ae7r for such that Ai(li) = 1. Then 0(0) — 
0(0)\i(li) = Ai(</Jg(li)) = Ai(li) = 1. Suppose finally that tfp\ Hl = id Hl . Let 
A = (A Q ) Qe7r be a non-zero right 7r-integral for H. Then 0(f3)\i = Xiippi^ = Ai 
and thus 0(0 = 1 (since Ai ^ by Lemma f|). □ 
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Lemma 22. Let H be a finite dimensional ribbon Hopf n-coalgebra with crossing (p 
and twist 9 = {9 a }a£TT- Let A = (\ a )aE7r be a right n -integral for H. If \\(0i) =/= 0, 
then <p = 1. 



Proof. Let G tt. By (|6J.c) and Corollary |, A x (0i) = Ai(<ftg(0i)) = £(/3)Ai(0i). 
Thus, since Ai(0 x ) ^0, = 1. □ 

We conclude with the following theorem, which follows directly from Lemma 
(by choosing z a — l a for all a G tt) and Lemmas |2l| and ^2|. 

Theorem 7. Let H be a finite dimensional unimodular ribbon Hopf ir-coalgebra 
with crossing (p. Let A = (A a ) a67r be a right tt -integral for H and G = (G Q ) Qe7r G 
G(H) be as in Lemma [7^. Suppose that at least one of the following conditions is 
verified: 

(a) H is semisimple; 

(b) H is cosemisimple; 

(c) Ai(0!)^O; 

( d ) V/3|Hi = id ffi f or al1 P S tt. 

TTien tr = (tr a ) Q , gvr; defined by tr a (a;) = A Q ,(G ct a;) for all a 6 7r and a; G _ff Q , is a 
n-trace for H. 
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